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Abstract. Observational evidence is presented for interac-
tion between nonlinear internal Kelvin waves at theωt,i
(where theωt is the semidiurnal frequency and theωi is
the inertial frequency) and random oscillations of the back-
ground coastal current at the sub-inertial� frequency in the
Japan/East Sea. Enhanced coastal currents at the sumω+

and differenceω-frequenciesω± = ωt,i ±� have properties
of propagating Kelvin waves, which suggests permanent en-
ergy exchange from the sub-inertial band to the mesoscale
ω± band. This interaction may be responsible for a greater-
than-predicted intensification, steepening and breaking of
boundary-trapped Kelvin waves. The problem of interaction
between the nonlinear Kelvin wave at the frequencyω and
the low-frequency narrowband noise with representative fre-
quency�� ω is investigated using the theory of nonlinear
weak dispersion waves.

1 Introduction

A significant portion of the oceanic energy in coastal
zones concentrates into an internal wave field. Wind-derived
mesoscale internal waves, sub-inertial random oscillations of
hydrological fields and topographical internal wave genera-
tion are the major sources of the energy. Energy cascades
from low to high frequency in internal waves and then to
turbulent dissipation associated with the nonlinearity of the
internal wave field. Though the nonlinearity is believed to be
a major factor resulting in significant changes of the internal
wave spectrum, nonlinear processes and their parameteriza-
tion remain important problems in physical oceanography.

Studies (Filonov and Novotryasov, 2005, 2007;
Novotryasov et al., 2011) have shown that the nonlin-

ear distortion of nondispersive wave profile generates
a large number of tidal wave harmonics that propagate
synchronously. More complex processes arise from the
interaction of waves at odd frequencies. A nondispersive
wave field with collinear wave propagation undergoes a
cascade process when waves at the frequencyω1 and ω3
generate new waves at the frequencyω4 = ω3 +ω1, and
so on. These processes result in a nonlinear decay of the
internal wave field energy.

In this paper, we present observational evidence for inter-
actions among narrowband sub-inertial random oscillations
of the background coastal current at the frequency� and
nonlinear internal Kelvin waves at the frequencyω0 (semidi-
urnalM2 or inertialf ), as well as its harmonics. Our findings
are based on significant spectral peaks at the sum�+ω0
and difference�−ω0 frequencies surrounding the carrier
frequencyω0 and sum�+ nω0 and difference�− nω0 fre-
quencies surrounding its harmonics. Isotherm displacement
and kinetic energy spectra were obtained in the coastal zone
of the Japan/East Sea. To describe the interactions, we used
a model based on the Hopf equation (Gurbatov et al., 1990).

This paper is organized as follows: Sect. 2 describes the
experiments performed in the coastal zone of the Japan/East
Sea. Section 3 discusses the experimental results for the non-
linear aspects of internal Kelvin waves in the coastal zone
within the framework of the Hopf equation. Our conclusions
are presented in Sect. 4.

2 Internal Kelvin wave observations

For several years, we conducted internal wave experi-
ments near the Gamov peninsula in the coastal zone of the
Japan/East Sea, which is shown in Fig.1.
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Fig. 1. (Left panel) Study area on the shelf of the Japan/East Sea in 1999, 2004 and 2012. The A and B mooring locations in September 2004
are shown, and the A, B and C mooring locations in September 2012 are shown. The circle indicates the location of the mooring vessel from
which hourly casts were conducted in the autumn of 1999, 2004 and 2012. (Right panel) The vertical profiles of the background temperature
T and buoyancy frequencyN are shown in September 2004 (dashed line) and 2012 (solid line).

In the first experiment, we collected current meter records
in the autumn of 1999 from a mooring deployed at (42◦ N
34′, 131◦ E 09′) (indicated by the circle in Fig.1). To gauge
the temperature, speed and direction of the currents, the buoy
was equipped with a Russian-made POTOK integral instru-
ment at a depth of 35 m. The POTOK has a temperature
measurement resolution of±0.05◦C. The sampling rate was
15 min. Vertical temperature and salinity profiles were col-
lected from 12 to 13 September from a vessel anchored near
the mooring using the Canadian Guideline CTD profiler. The
profiling errors were no greater than 0.01◦C for tempera-
ture and 0.02 psu for salinity. A total of 25 hourly casts were
made.

In the second experiment, internal wave band tempera-
ture fluctuations were measured over 18 days starting on
3 September 2004. The temperature time series were col-
lected from the A and B moorings deployed along the coast-
line 800 m offshore and separated by a distance of 5.5 km
(see Fig.1). The moorings were equipped with digital ther-
mographs, which have a measuring precision of±0.05 ◦C
for temperature. The thermographs on the A and B moor-
ings were deployed at depths of 28 m and 35 m, respectively.
The sampling rate was once per minute. The temperature
and salinity vertical profiles were collected from a vessel an-
chored between the moorings using the Canadian Guideline
CTD profiler from 20 to 21 September 2004. A total of 25
hourly casts were made. The details of this experiment (re-
sults, analytical methods, etc.) were reported byNovotryasov
et al.(2005).

The data were analyzed using unified standard spectral
techniques (Emery and Thomson, 1997). This approach in-
volved (i) eliminating the low-frequency components us-
ing Tukey’s cosine filter, (ii) splitting the resulting series
into nine 37.2-hour segments (three semidiurnal tidal periods
each), (iii) calculating and averaging the spectral densities
by segments, and (iv) smoothing the averaged spectral densi-
ties using a five-point Tukey filter. There were approximately
10 degrees of freedom for processing the first experiment and
20 for the second, which provided reasonable reliability for
the results of this spectral analysis.

Let us turn to the current velocity records. Figure2a
shows the time series smoothed using a Tukey window with
a width of 1 h for the meridional (solid line) and zonal
(bold line) components of the velocity in the coastal zone
of the Japan/East Sea in the autumn of 1999. Note the low-
frequency component of variation in the time series. The
spectrum of the clockwise rotary (CWR) component of the
velocity is S−(ω)= (Suu+ Svv − 2Quv)/8, whereSuu and
Svv are the one-sided autospectra of theu andv Cartesian
components of the velocity andQuv is the quadrature spec-
trum between these two components. These spectra with N
degrees of freedom (N≥ 10) were determined using unified
statistical spectral techniques (Emery and Thomson, 1997).

Fig. 2b shows the time series of temperature fluctuations
on the A and B moorings in September 2004, which were
smoothed using a Tukey window with a width of 1 h. The
fluctuations have a quasi-periodic oscillation with an average
period of approximately 18 h. Cross-spectral analysis of the
time series shows a phase difference between the fluctuations
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D. V. Stepanov and V. V. Novotryasov: Modulation of nonlinear Kelvin waves 359

09/29/99 10/03/99 10/07/99 10/11/99
−0.3

−0.2

−0.1

0

0.1

0.2

0.3

S
p

ee
d

(m
/s

)

(a)

0

5

10

15

20

T
em

p
er

at
u

re
(° C

)

(b)

09/03/04 09/07/04 09/11/04 09/15/04 09/19/04

−6

−3

0

3

6

D
is

p
la

ce
m

en
t(

m
)

(c)

10°C

Fig. 2. (a)Time series of the meridional (solid line) and zonal (bold
line) components of the current at a depth of 35 m smoothed using a
Tukey window with a width of 1 h in the autumn of 1999.(b) Time
series of the temperature variations from the A mooring (bold line)
and B mooring (solid line) smoothed using a Tukey window with
a width of 1 h in September 2004.(c) Time series of the isotherm
(10◦C) displacements from the B mooring in September 2004.

at an inertial frequency of approximately 4.1 h and a mean
propagation velocity between the moorings of approximately
0.38 ms−1. The phase velocity of the first baroclinic Kelvin
mode with a frequency of 1/18 cycleh−1 is close to 0.4 ms−1.
Figure 1 shows the background temperature and buoyancy
frequency profiles for the study site. Figure2c shows the time
series of the isotherm (10◦C) displacements calculated by
ζ = δT ( d<T>

dz
)−1, whereδT is the temperature variations at

a depth of 35 m and< T > is the mean temperature profile in
September 2004. Analysis of the isotherm (10◦C) displace-
ments shows that the ratio of the mean isotherm displacement
to full water depth is approximately 0.3 relative units. Non-
linearity will thus influence the propagation of Kelvin waves.

In September 2012, we conducted an experiment that con-
firmed the existence of internal Kelvin waves in this coastal
zone. The background temperature and buoyancy frequency
profiles indicate the presence of an upper mixed layer (2/3
of the full water depth,H) and a stratified bottom layer char-
acterized as having the background temperature gradient of
d<T>
dz

= 1 ◦Cm−1 and a maximal buoyancy frequency value
at a depth of 30 m (see Fig.1). Figure3a shows the time se-
ries of temperature smoothed using a Tukey window with a
width of 1 h from the A and C moorings at a depth of 30 m.
There were two stages of temperature variability during the
experiment. The first stage was characterized by a mean pe-
riod of approximately 14 h, standard deviations ofσA and
σB ≈ 2.9◦C andσC ≈ 2.2◦C on the A, B and C moorings,
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Fig. 3. (a) Time series of the temperature variations from the A
mooring (bold curve) and B mooring (light curve) smoothed us-
ing a Tukey window with a width of 1/3 h are shown in Septem-
ber 2012.(b) Time series of the temperature variations from the A
mooring (dash-dot line), B mooring (dashed line) and C mooring
(solid line) smoothed using a Tukey window with a width of 3 h are
shown during the temperature front propagation in September 2012.
Asymmetry between the phase of the temperature increase and that
of the temperature decrease is clearly shown.

respectively, and a duration of 9 days. At the end of the ninth
day, the A mooring registered the presence of a sharp temper-
ature front with a steepness of (13/12)◦Cm−1; this was the
origin of the second stage. Figure3b shows the temperature
records from the A, B and C moorings during the front propa-
gation. After passage of the wave front, the temperature vari-
ations had an asymmetric quasi-harmonic form with a mean
period of 18 h and standard deviations ofσA andσB ≈ 3.1 ◦C
andσC ≈ 2.7◦C on the A, B and C moorings, respectively.

With these data we calculated the mean velocities of the
temperature maxima and minima on the A–B track during
different stages of the experiment. During the first stage of
the experiment, the mean propagation velocities of the tem-
perature maxima and minima were< c+1 >≈ 0.42 ms−1 and
< c−1 >≈ 0.36 ms−1, respectively. During the second stage,
these velocities were< c+2 >≈ 0.35 ms−1 and< c−2 >≈

0.26 ms−1, respectively. Thus, we observed two types of
temperature disturbances in the Japan/East Sea coastal zone
in September 2012. The first type had a period of 14 h and a
mean propagation velocity of< c1 >≈ 0.39 ms−1. The sec-
ond type had a period of 18 h and a mean propagation veloc-
ity of < c2 >≈ 0.31 ms−1. These temperature disturbances
had an asymmetric form and significant amplitudes, which
decreased exponentially with increasing distance across the
coast as exp(−y/L), whereL=D ln(σA/σC) andD is dis-
tance from the C mooring to the wave paths.

www.nonlin-processes-geophys.net/20/357/2013/ Nonlin. Processes Geophys., 20, 357–364, 2013
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3 Theoretical description of observational Kelvin waves

We used a weak nonlinear Kelvin wave model to interpret the
observed temperature variability in the coastal zone of the
Japan/East Sea. According to the model, a linear relationship
exists between the temperature variationδT and the isotherm
displacementζ as follows:δT =

d<T>
dz

ζ . Therefore, temper-
ature variations can be considered as an indicator of the verti-
cal displacement of fluid particles in the layer with the linear
temperature profile.

Let us consider the propagation of coastal internal Kelvin
waves (IKWs) in a layer with depthH of a continuously strat-
ified fluid with the buoyancy frequencyN(z). In this case we
could represent the solution for vertical displacement of the
pycnoclineη by an expansion in eigenmodes (Reznik, 2002;
Ostrovsky, 1978):

η(x,y,z, t)=

∑
m

amηm(x, t)e
(−yf/cm)φm(z). (1)

Herey is the transverse coordinate,am constants,f the iner-
tial frequency, andφm(z) the orthogonal eigenfunctions that
satisfy the eigenvalue problem:

d2φm

dz2
+
N2(z)

c2
m

φm = 0, (2)

φm(0)= φm(−H)= 0, (3)

φmax = 1, (4)

wherecm are the eigenvalues, which have the meaning of a
long-wave velocity for each linear IKW mode with number
m. In the general case, after solving Eqs. (2)–(4), approxi-
mate equations describing the dependence of physical values
of long IKW at the frequenciesω0 �Nmax on x and t can
be derived with the use of different perturbation schemes.
Here, we used a rather general model suggested byOstrovsky
(1978). At small nonlinearity with no resonant coupling be-
tween different modes, the vertical displacement for the first
most powerful baroclinic mode can be shown to obey the
simple wave equation

∂η1

∂t
+ c1

(
1+

3

2

α1η1

H

)∂η1

∂x
= 0, (5)

whereα1 is the parameter describing nonlinearity that is de-
termined by

α1 =

H 0∫
−H

(
dφ1

dz

)3

dz

/ 0∫
−H

(
dφ1

dz

)2

dz

 . (6)

Equation (5) is solvable as an initial Cauchy problem. How-
ever, in our experiments, we are addressing time series of
measurements of temperature and current velocity at some

fixed pointx = x̂, and we want to predict the spatial develop-
ment of the wave as it propagates along the boundary of the
coastal area, given that it is known as a function of time at
the coastal area entrance. We thus come to consider a bound-
ary Cauchy problem for the simple wave equation (Osborne,
1995). After substituting forτ = t − xc−1

1 ,X = εx, where
ε � 1 andU ≈ c1η1H

−1 is the alongshore velocity, Eq. (5)
is reduced to the Hopf equation

∂U

∂X
−βU

∂U

∂τ
= 0, (7)

U(X = 0, t)= U0(t). (8)

Here, β = (3/2)α1/c
2
1 and the further index 1 is omitted.

This equation is first-order accurate for wave amplitudeε =

a0/H , long wavesH/λ� 1 and low-frequencyω/Nmax �

1 internal waves.
We calculated the phase speed of the IKW first modecp =

0.45 ms−1 as solutions of the boundary value problem in
Eq. (2) with the buoyancy frequency profileN(z) (see Fig.1)
and then compared it with the propagation velocities of the
observed temperature disturbances (< c1 >≈ 0.39 ms−1 and
< c2 >≈ 0.31 ms−1). It has been suggested that one of the
reasons for the differences between velocities is the interac-
tion of the IKW with the background flow. The IKW prop-
agating against the background flow generates a tempera-
ture disturbance with a frequency ofωM = ω0(1+Ub/cp)

−1,
whereUb is the speed of the background flow andω0 the fre-
quency of the IKW at theUb = 0 (White, 1972). Therefore,
the propagation velocity of the temperature disturbance on
the track is

cM = cp(T0/TM), (9)

whereTM is the period of the temperature disturbances reg-
istered by the A, B and C moorings andT0 = 2π/ω0. It
has been established (Navrotsky et al., 2004; Novotryasov
et al., 2005) that the strong variability in temperature is de-
rived from the semidiurnal oscillations having a frequency
ω0 = 2π/12.4 h−1 in the coastal zone of the Japan/East Sea.
Therefore, we suggest that the major source of the temper-
ature perturbations is the internal wave with the frequency
ω0. In this case, according to Eq. (9), the propagation ve-
locities of the temperature disturbances during the first and
second stages of the experiment must be closed by the re-
lation c2 = (14/18)c1. Considering thatc1 = 0.39 ms−1, we
find thatc2 = 0.31 ms−1. This finding is consistent with the
propagation velocity of the temperature disturbances during
the second stage of the experiment< c2 >≈ 0.31 ms−1.

In accordance with the weak nonlinear IKW model, the
wave phase velocity of the IKW along the track was related
to the wave amplitude at the A and C moorings by

cM = f0D ln(ζA/ζB), (10)

Nonlin. Processes Geophys., 20, 357–364, 2013 www.nonlin-processes-geophys.net/20/357/2013/
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wheref0 is the Coriolis parameter. Using Eq. (10) and the
data from the second stage of the experiment (i.e., where
D ≈ 2200 m,σA ≈ 3.1 ◦C, andζA/ζB ≈ σA/σB ), we calcu-
lated the phase velocity of the coastal Kelvin wavec2 = 0.29
ms−1, which was close to the value of the mean propaga-
tion velocity of the temperature disturbance during the sec-
ond stage of the experiment< c2 >≈ 0.31 ms−1.

Based on the model of weak nonlinear IKW, we suggest
that the difference between the propagation velocities of the
temperature maxima and minima results from the nonlinear-
ity of the internal Kelvin wave field. The solutions to Eqs. (7)
and (8) yield a simple wave (Osborne, 1995), which depends
on the fluid particles’ vertical displacement as follows:

V = cp(1+αζ/H). (11)

Therefore, the wave crest speed differs from the wave trough
speed. From Eq. (11), we obtain the difference between the
wave crest and wave trough speeds asδV = 2cpαζH−1. If
α > 0, then the wave crest propagates faster than the wave
trough, and the wave profile becomes asymmetric.

Using Eq. (11) with parametersζ1 ≈ 2 m, α = 1.3 and
H ≈ 41 m, we calculatedδV = 0.055 ms−1, which is close
to δV1 = 0.06 ms−1 obtained from the observational data. It
is easy to show that this relationship also holds for the second
stage of the experiment. We therefore showed that the weak
nonlinear IKW model can be used to interpret the observed
temperature variability in the coastal zone of the Japan/East
Sea.

Let us now show that the weak nonlinear IKW model can
be used to interpret the observational flow velocity in the
coastal zone of the Japan/East Sea.

We consider the interaction of a nonlinear IKW with the
frequencyω0 (semidiurnalωt or inertialωi) and narrowband
sub-inertial noise using the nonlinear internal wave model
described by Eq. (7). Let the alongshore velocityU(X,τ) at
the boundary of the coastal areaX = 0 be the superposition
of the internal wave with frequencyω0, amplitudeA0 and
noiseϑ(t) with a typical widthγ � ω0 and variances2:

U(X = 0, t)= U0(t)= A0cos(ω0t +ϕ(t))+ϑ(t), (12)

whereϕ is the random phase with a uniform distribution in
the interval[−π,+π ].

We confine our analysis to the wave evolution stage, which
is characterized by the following condition:X <XT , where
XT = (βA0ω0)

−1. In this stage, the steepening of the IKW
appears, but it is not accompanied by the generation of in-
ternal solitons. We introduce parameterdT =X/XT , which
determines the similarity between a Kelvin shock-wave and
the linear IKW, and then consider the casedT < 1. For this
case, the spectral density of the wave fieldU , according to
Gurbatov et al.(1990) andFilonov and Novotryasov(2007),

is

8(X,ω)= −
J0(ωdT /ω0)

2πiωβX
×

×

+∞∫
−∞

{e−iωβXϑ(τ)− 1}eiωτdτ −

∞∑
n=−∞

n6=0

inJn(ωdT /ω0)

2πiωβX
×

×

+∞∫
−∞

{e(inϕ−iωβXϑ(τ))
− 1}ei(ω−nω0)τdτ.(13)

From Eq. (13), we can affirm that the first term is the
spectral density of the sub-inertial oscillations and the sec-
ond term is the spectral density of the IKW distorted by the
sub-inertial oscillations. We consider the spectral density of
the IKW near the harmonics with the numbern of the carrier
frequencyω0. Becauseγ � ω0, we can replaceω by nω0
in the exponential rate of Eq. (13). From the inverse Fourier
transformation of Eq. (13), we obtain the equation for the
harmonic with numbern:

Un (X,τ)= An(X)cos[nω0τ+n(ϕ(τ)−ω0βXϑ(τ))], (14)

and the amplitude depending on parameterdT = A0βω0X is

An(X)= A0
2Jn(ndT )

ndT
. (15)

We performed a more detailed spectral analysis of the non-
linear IKWs when the sub-inertial noise consists of both reg-
ular and stochastic components:ϑ(t)= ϑ0cos(�t)+ϑSN (t).
Let the amplitude of the phase modulation related to the reg-
ular componentM = βϑ0n�X be small, i.e.,M � 1. Ad-
ditionally, let the IKWs have a narrowband spectrum, and
for the subinertial noise widthγ � ω0, let the amplitude and
phase have Gaussian distributions. In this case, the correla-
tion function of the harmonic with numbern, taking into ac-
count Eqs. (14) and (15), is

Bn(X,τ)= (
A2
n

2
(cosnω0τ +

(ϑ0βnω0X)
2

2
×

×(cos((nω0 +�)τ)+ cos((nω0 −�)τ))))e−n
2Dψ (τ )/2. (16)

Here,Dψ (τ )=Dϕ(τ )+ (βω0X)
2(s2

SN −BSN (τ )), Dϕ is
the structure function of the IKW phase, ands2

SN and
BSN (τ )=< ϑSN (t+τ)ϑSN (t) > are the dispersion and cor-
relation function of the subinertial noise, respectively. We
performed a Fourier transform of the correlation function
Bn (X,τ) and obtained the formula for the spectrum of the
harmonicn:

Sn (X;ω)=
A2
n

2
S̃n (ω− nω0)+

(Anϑ0βnω0X)
2

4
×

×

(
S̃n (ω− (nω0 +�))+ S̃n(ω− (nω0 −�))

)
, (17)

www.nonlin-processes-geophys.net/20/357/2013/ Nonlin. Processes Geophys., 20, 357–364, 2013
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Fig. 4. (a)Normalized clockwise rotary spectrum of current versus logω for currents measured at a depth of 35 m in the autumn of 1999.
Numbers over the peaks are their periods.(b) The increased fragment of the spectrum surrounding the semidiurnal frequency. The bold
numbers12.2, 6.2 and4.3 are the carrier periods.

Table 1.Periods of the peaks of the clockwise rotary spectrum (bold) and the calculated periods in hours (italic).

1/�1,2 1/ω+ 1/ωt (h) 1/ω− 1/ω+ 1/(2ωt ) 1/ω− 1/ω+ 1/(3ωt ) 1/ω−

64 10.2 12.2 15.1 5.7 6.2 6.9 4.0 4.3 4.6
64 10 12.2 15.1 5.6 6.2 6.8 4.1 4.3 4.6
102 10.9 12.2 13.9 5.8 6.2 6.6 4.1 4.3 4.5
102 11 12.2 13.5 5.8 6.2 6.6 4.1 4.3 4.5

where

S̃n (X ;ω)=
1

2π

+∞∫
−∞

exp[−n2Dψ (τ )/2]cos(ωτ)dτ. (18)

From Eq. (17), we can affirm that the spectrum of the
U(X,τ) has harmonics at the frequenciesnω0 as well as har-
monics with sum and difference frequenciesω± = nω0 ±�.
From Eq. (15), the harmonic amplitudes increase with the
distance traversed by the wave. This means that interaction
between nonlinear IKWs and sub-inertial noise occurs at the
coastal zone, which is accompanied by the intensification of
IKWs with side frequenciesω± = nω0 ±�.

Let us turn to the current velocity records. Figure4a shows
the CWR spectrum of currents versus logω normalized by
the maximal value. There are two peaks at the representa-
tive frequencies�1 ≈ 1/64 cph and�2 ≈ 1/102 cph in the
low-frequency band of the spectrum. Groups of well-defined
significant spectral peaks surrounding the semidiurnal fre-
quencyωt ≈ 1/12.4 cph and the 1–4 harmonics are observed.
Our estimations show that the magnitudes of these spectral
peaks and the number of harmonics are interrelated by the

approximate relation

A12 : A6 : A4 : A3 : A2.4 ≈ 1 : 2 : 3 : 4 : 5

(with error<20 %).
Figure4b shows the increased fragment of the spectrum

surrounding the semidiurnal frequency. Note the significant
well-defined spectral peak at theωt = 1/12.2 cph frequency
surrounded by side peaks. In Table1, we present the peri-
ods (bold numbers) of the spectral peaks of the CWR spec-
trum (see Fig.4b); the periods (italic numbers) are cal-
culated using the formula 1/ω± = 1/(nωt ±�1,2), where
�1,2 ≈ 1/64,1/102 cph andn= 1,2,3. Table1 shows that
the maximum relative error between the period of the spectral
peaks and the periods calculated using the formula 1/ω± =

1/(nωt ±�1,2) can reach a value of approximately 6% at the
frequency 1/10.8 cph. The spectral analysis of the clockwise
rotary velocity thus shows that the spectrum is determined by
oscillations with the tidal frequencyωt cph and the�1,2 cph
frequencies from the sub-inertial band. The spectrum also ex-
hibits a fine structure in the neighborhood of the frequency
ωt , with side peaks at the frequencies determined by

ω± = nωt ±�1,2. (19)

Nonlin. Processes Geophys., 20, 357–364, 2013 www.nonlin-processes-geophys.net/20/357/2013/



D. V. Stepanov and V. V. Novotryasov: Modulation of nonlinear Kelvin waves 363

10
−3

10
−2

10
−1

0

0.2

0.4

0.6

0.8

1

17
0h

85h

S
p

η/σ
2  (

re
la

ti
ve

 u
n

it
s)

Frequency (cph)

(a)

0.04 0.06 0.08 0.1 0.12 0.14

22.5h

 1
7.

5h

16.2h

15
h

14
.5

h
13

h 12.4h

11
.4

h

10h

 8.7h

8.5h
8h

(b)

Frequency (cph)

Fig. 5. (a)Normalized averaged spectrum of the isotherm (10◦C) vertical displacements versus logω from the A and B moorings in Septem-
ber 2004. Numbers over the peaks are their periods.(b) Increased fragment of the spectrum surrounding the inertial and semidiurnal frequen-
cies. The bold numbers17.5, 12.4 and8.7 are the carrier periods.

Table 2.Periods of the peaks of the isotherm displacement spectrum (bold) and the calculated periods in hours (italic).

1/�1,2 1/ω+ 1/ωt 1/ω− 1/ω+ 1/ωi 1/ω− 1/ω+ 1/(2ωi) 1/ω−

85 10.8 12.4 14.5 14.5 17.5 22.0 7.9 8.7 9.7
85 11.4 12.4 14.5 15.0 17.5 22.5 8.0 8.7 10.0
170 11.6 12.4 13.4 15.9 17.5 19.5 8.3 8.7 9.2
170 11.4 12.4 13.0 16.2 17.5 – 8.5 8.7 –

A similar structure is observed in the spectrum around the
first and second harmonics of the semidiurnal frequencyωt .

Figure5 shows the averaged spectrum of the isotherm dis-
placements normalized by the maximum value. Figure5a
shows increased fragment in the low-frequency band of the
spectrum. There are two peaks at the representative frequen-
cies�1 ≈ 1/85 cph and�2 ≈ 1/170 cph. Figure5b shows
increased fragment of the spectrum surrounding the inertial
and semidiurnal frequencies. There are groups of significant
spectral peaks at the inertial frequency and its first harmonic
as well as the peaks surrounding the semidiurnal frequency.

Table2 contains two types of numbers: the bold numbers
are the periods of significant peaks of the isotherm (10◦C)
displacement spectrum; the italicized numbers are the peri-
ods calculated by 1/ω± = 1/(nωt,i ±�1,2), where�1,2 =

1/85, 1/170 cph,ωt = 1/12.4 cph,n= 1 andωi = 1/17.5
cph andn= 1,2.

As indicated by Tables1 and2, the periods of the spectral
peaks (bold numbers) and periods (italic numbers) calculated
by 1/ω± = 1/(nωt,i ±�1,2) have approximately equal val-
ues. Spectral analyses of the current meter, temperature and
isotherm (10◦C) displacement records in the coastal zone of
the Japan/East Sea show that the spectra are determined by
oscillations with near-inertial and tidal frequencies, as well

as by frequencies from the sub-inertial band. The spectra
have fine structure in the neighborhood of the frequencies,
with side peaks at frequencies determined by Eq. (19).

4 Concluding remarks

Internal Kelvin waves play an important role in the dynamics
of the coastal oceans. The nonlinearity of the Kelvin waves
results in interactions of the waves with each other, the gen-
eration of wave harmonics, and the waves at the combination
frequencies. Randomness of the velocity field is a typical fea-
ture of coastal oceans. Developing models of the interaction
of the internal wave field with a random velocity field is an
important problem in physical oceanography.

In this paper, we presented a very simple model of the in-
teraction of the narrowband sub-inertial noise with the non-
linear internal Kelvin wave field for describing all the inter-
action features in the coastal zone of the Japan/East Sea. For
example, the model does not allow a space–time transforma-
tion of the internal wave field in the coastal zone. However,
using the model, we attempted to show a possible basis for
the significant finite-width spectral peaks surrounding semid-
iurnal and inertial frequencies, as well as their harmonics in
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the kinetic energy and isotherm displacement spectra in the
coastal zone.

We have presented observational evidence for the interac-
tions between sub-inertial random oscillations of the back-
ground current at the representative frequency� and non-
linear Kelvin waves at the semidiurnalωt or the inertialωi
frequencies. Our findings were based on analyses of current
meter and temperature records in the coastal zone of the
Japan/East Sea. We have shown that the spectra are deter-
mined by oscillations with near-inertial and semidiurnal fre-
quencies, as well as frequencies from the sub-inertial band.
The isotherm displacement and wave current spectra have
fine structure in the neighborhood of the semidiurnal and in-
ertial frequencies with side peaks at frequencies determined
by the formulaω± = ωt,i±�. Thus, the energy exchange oc-
curs from the low-frequency band to the mesoscale band of
internal Kelvin waves. Hence, as a result of the interaction,
the energy of internal Kelvin waves in the coastal oceans can
grow at the expense of the sub-inertial narrowband noise en-
ergy. Furthermore, as the first baroclinic Kelvin mode is the
most powerful (see Fig.1b), we expect intensification of the
semidiurnal and inertial currents on the sub-surface and near-
bottom layers of the coastal zone.
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