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The present study deals with a problem of modeling a surface growth process.
Governing principles for mechanics of growing solids have been formulated.
Within the framework of the surface growth theory, different variants of bound-
ary value problems are discussed. A human blood vessel under pathological
growth processes has been considered as an example of a surface growth process.
Vessels are simulated by a long thick-walled circular cylinder. The boundary
value problem of a surface growth for elastic thick-walled vessels is solved. The
analytical solution in terms of velocities for parameters of stress-strain state has
been obtained. Condition of thickness has allowed us to study strain-stress state
of cylinder surfaces using approximation of infinitesimal deformations. The
stress-strain state characteristics are numerically computed and graphically ana-
lyzed using various mechanical parameters of the surface growth processes. Two
cases of boundary value problems, namely, deformation of two- and multilayer
cylinder have been considered. General analytical solution for thick multilayer
cylinder deformation has been obtained. Analytical solution is based on the
Lamé problem for elastic material. Comparison of multilayer and single-layer
solutions is performed.
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1 INTRODUCTION

1.1 Medicine problems coupled with growth processes
Human and animal organs can be morphologically divided into two types. The first type consisting of parenchyma and
stroma is called parenchymal organs. These include, for example, liver, brain and spinal cord, and pancreas. The second

Nomenclature: 𝛼i, ratio of Young's moduli; 𝛁, nabla operator; 𝝈, 𝜎 ij, stress tensor; 𝛾 i, sum of Lamé parameters; 𝜆i,𝜇i, Lamé parameters; 𝜈i,

Poison's ratio;
∗
Σ(t) ∶ t =

∗
𝜏(x), propagating growing surface; 𝜕t , time derivative; Ai, Bi, Xi, Y i, unknown integrating constants; Ei, Young's modulus;

Ri, radii of a cylinder; sn, normal velocity of the growing surface Σ; D, Dij, strain rate tensor; e, ei, strain tensor; L, 2D curvature tensor on the surface
Σ; n, unit normal vector on the surface Σ; u, uk, displacement vector; v, vk, velocity vector; s, 2D tensor of the given elastic growing surface tension.
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type is tubular (layered) organs. They are a cavity with walls, for example, blood vessels, bronchial tubes, bile ducts, and
gastrointestinal tract. Cells in such organs are arranged in layers and, as a rule, form three shells: tunica intima, tunica
media and tunica adventitia. As a typical tubular organ, wall of a large blood vessel (like arteries or veins) structurally
consists of these three shells. The outer shell (tunica adventitia) is the thickest layer in veins, which is entirely made of
connective tissues. The middle shell (tunica media) is the thickest layer in arteries. It is presented by smooth muscle cells.
The inner membrane is the thinnest layer presented by a flat single-layer epithelium lying on the basal membrane.1-5 There
are many pathological processes leading to obturation of a lumen of a tubular organ due to the deposition of particles on
a surface or proliferation.6

The remodeling of the vessel's wall by virtue of a volumetric wall thickening is an example of pathological volumetric
growth, which can be mathematically simulated by the volumetric growth models. Elastosis and elastofibrosis are revealed
in the arteries of large and medium diameter under high blood pressure (hypertension). These processes are sequential
stages of a pathological process, and both are hyperplasia and cleavage of the internal elastic membrane. They progress as
a compensatory response to a persistent increase of blood pressure. Further, the destruction of elastic fibers occurs, and
they are replaced by collagen fibers, i.e., sclerosis. Thus, the walls of vessels are thickened, and the lumen is narrowed.7,8

The present study deals with two pathological processes of atherosclerotic lesions of arteries and thrombosis of veins.9,10

These processes can be mathematically simulated by the volumetric growth models.
Every year, approximately 3.9 million people die from cardiovascular diseases in Europe. The most common cause

of cardiovascular diseases (myocardial infarction, strokes, etc.) and, as a consequence, the leading worldwide cause of
death6 is the atherosclerosis (other names are arteriosclerosis and hardening of the arteries). Atherosclerosis may start
when certain factors cause a damage for inner layers of arteries. These factors include, for example, smoking, high
amounts of certain fats and cholesterol in the blood, high blood pressure, high amounts of sugar in the blood due to
insulin resistance,11 or diabetes. Atherosclerosis is a chronic disease with asymptomatic progression for decades. Usually,
atherosclerosis is a multifactorial disease that is manifested in the accumulation of protein-lipid components, collagen,
and inflammatory cells on the artery wall. The last stages of atherosclerosis are characterized by a rapid decrease of blood
flow velocity due to narrowing of an artery lumen. The first visible clinical signs of the disease can be elucidated only at
the last stages of atherosclerosis, when the major part of the vessel's lumens is occluded.1,2

The diagnostic methods commonly used in medicine allow one to assess the progression of narrowing of an artery
lumen that is caused by atherosclerosis. Some of these methods are listed below:

1. duplex ultrasound of blood vessels allows one to detect the volume of blood and artery damage12;
2. magnetic resonance angiography allows one to estimate the size of atherosclerotic masses and the degree of

narrowing of the vessel lumen13;
3. computed tomography allows one to obtain layered “slices” of the artery to estimate the degree of occlusion by

atherosclerotic masses. It is often used together with angiography;
4. proper angiography makes it possible to determine the volume of the blood stream in the vessel after the adminis-

tration of the radiopaque substance.14

The progression of atherosclerotic plaque is carried out by the following stages6,12-19:

• First stage is the appearance of lipid spots due to the deposition of lipid-protein complexes of blood plasma in a thin
layer of the inner shell of arteries.16 Further, these spots can develop atherosclerotic plaques. The accumulation of
lipoproteins on the inner shell of the artery is promoted by factors such as increased concentration of cholesterol in
plasma and damaged endothelium.17

• Lipoprotein complexes are partially bound to the intercellular substance. Then there is oxidation, which causes local
inflammation. Inflammation leads to the attachment of blood plasma leukocytes. By phagocytizing lipoproteins,
macrophages are converted into xanthoma cells. This circumstance contributes to the thickening of intima and accu-
mulation of blood plasma components, collagen, and inflammatory cells. A lipid-rich atheromatous mass appears after
xanthoma cells die.19

• Initially, the plaque slowly grows almost without narrowing the lumen of vessel. However, over time, its growth
accelerates and leads to significantly narrowing of the vessel's lumen.

• At the late stages of atherosclerosis, small ruptures causing adhesion of blood and fibrin elements appear on the surface
of plaques. This process narrows the lumen even more. It is the main mechanism of thrombi formations.10 Atheroscle-
rosis affects vessels of different calibers, but these are mainly arteries of large and medium calibers (1–3 cm). They
constitute 90–95% of the lesion.
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The thrombus formation is caused by a vascular wall change, in response to which the platelets adhere to the site of
injury. Further, the fibrin with the participation of platelets is formed and protein content in the growing thrombus is
consolidated. At the next stage, there is a seizure and adherence of both leukocytes and erythrocytes. The final forma-
tion of the thrombus is completed by the sedimentation of plasma proteins of blood on the formed convolution and its
compaction.10 As a result of the above-described processes, the thrombus has a non-uniform layered structure. The above
processes are mainly characterized by surface growth of artery wall under a thin inner layer.

1.2 Mechanical background of growth models
The growth processes in biology can be discriminated by geometrical and mechanical features in volumetric and surface
growth. There have been many attempts to mechanically and mathematically simulate the growth processes in biologi-
cal materials. There are a number of in-depth reviews on mathematical and mechanical modeling aspects of growth of
biological tissues.20-27

The main idea of volumetric growth and morphoelasticity approaches is to postulate multiplicative decomposition of
deformation gradient on elastic and growth tensors. Within the framework of such techniques, several boundary value
problems were stated and solved (see in-depth discusses in monograph27).

The ideas and concept for the mechanics of surface growth of solids are similar to some ideas of contact and impact
mechanics. The problems dealt with discrete growth of a cylinder are discussed in monograph.28 The discrete growth
process can be considered as addition of some new parts to main body under boundary conditions. The problems of
thermoelastoplastic discrete growth of solids under conditions of axial or central symmetry are discussed in previous
studies.29-35

The boundary condition statement on growing surface is the fundamental problem for mechanics of surface growth.
The derivations of some boundary conditions using thermodynamics principles or conservation laws can be found in
a number of studies.36-50 The principal variables of the boundary value problem for theory of surface growth for solids
are the stress tensor and strain rate tensors and velocity vector. On the surface of growth, one needs to set a specific
boundary condition depending on the curvature tensor of the growth surface as well as on tension and inflow rates of
the incremented elements. The pathological growth of blood vessel walls can be described for some processes by model
of surface growth. In the present study, we focus on the processes of surface growth for large thick-walled vessels. Some
problems for an elastic thick-walled cylinder with growing surface are considered here. The condition of thickness allows
us to study finite displacements of cylinder points under the condition of infinitesimal deformations. This assumption,
in particular, makes it possible to solve the problem with exact boundary conditions on a moving growing surface and
to investigate the behavior for characteristics of the strain-stress state depending on the pressure on the inner and outer
surfaces of the cylinder.

The main purpose of the study is to obtain analytical solutions for calculating the residual stresses in the wall of a large
vessel. The article presents a modification of the theory of surface growth and a solution of model problems. Comparison
and generalization of the results obtained by the authors are carried out.

The second section of the article discusses the governing principles of constructing theories of surface growth. The
basic concepts are determined, and time moments associated with the creation of a separate element and its entry into
the main solid are introduced.

The third section deals with the basic constitutive equation of the theory of surface growth. General statements of model
boundary value problems are given. The boundary value problems for thick-walled and thin-walled solids are considered
separately.

Section 4 provides a solution of the Lame problem for a multilayer cylinder. The given solution is necessary for
determining the stress state of the cylinder before the beginning of growth.

Section 5 discusses the general solution of the problem on the surface growth of a multilayer cylinder. The growth
process begins on the inner surface of the cylinder and extends toward the luminal narrowing of the cylinder.

In Section 6, the solution obtained in the previous section is specified for the case of a single-layer cylinder growth. The
results of numerical calculations are presented.

Section 7 considers an analytical solution of the problem on the growth of a two-layer cylinder. A numerical analysis
of the obtained solution is carried out. The problems of approximating the obtained solution with the solution for a
single-layer cylinder are discussed

In the conclusion of the article, a summary of the main results is given and possible applications of the results for
modeling the pathological growth processes of vessel walls are argued.
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2 GOVERNING PRINCIPLES OF SURFACE GROWTH MECHANICS

In this paper, we use notations and concepts introduced in studies.40,41,45,48 Description of the surface growth process
involves three characteristic times:

∗
𝜏1(x) is time when the element with the position vector x is created, the time 𝜏0(x)

is time when a load is applied to this element, and
∗
𝜏(x) is time when the element is deposited on the growing solid.

Furthermore, the star “∗” on the top of character “a” has the following sense:

∗
a(x) = a(x, t) |||t=∗

𝜏(x).

The deposition process is determined by specifying these three times. For elastic continua, one can assume that for the
surface growth process

∗
𝜏1(x) = 𝜏0(x) =

∗
𝜏(x), i.e., the elements are deposited at the same time as they have been created

𝜏0(x) =
∗
𝜏(x). In some cases, the time

∗
𝜏1(x) can differs on deposition or loading times. Moreover, the deformation can be

accumulated as soon as element is created and added to the main solid, i.e.,
∗
𝜏1(x) = 𝜏0(x) ≠ ∗

𝜏(x).
We suggest an approach to modeling the surface growth processes in solids on the basis of the following postulates48:

• The growth process of a solid is modeled by the motion of its boundary due to the influx of new material to the growing
surface.

• The stress rate tensor, strain rate tensor (or the stretch rate tensor), and the velocity vector are the main variables in
the system of equations describing the growth process.

• We use special kinematic and quasistatic conditions on the moving boundary (growing or deposition surface) that
determine the conservation law for a growing solid composition and specific contact interaction between 3D solid and
2D deposited surfaces.

To simplify the problem, the non-inertial cases of boundary value problems with zero volumetric force is considered.
The material description of the mechanics of surface growth processes that differs from known approaches in continuum
mechanics is proposed. Existing approaches to material description (see, e.g., Zhilin et al.51) use stress and strain tensors
as well as displacement vector as basic variables of boundary value problems. We use stress rates tensor, stretch tensor,
and velocity vector.

3 THE GOVERNING EQUATIONS OF SURFACE GROWTH THEORY

The solution of each specific problem for a growing solid is an independent and complicated problem.45,48 Within the
framework of the mechanics of growing solids, an essential feature of the formulation of boundary value problems is
the statement of boundary conditions on the surface between main body and growing part.38,40-42 In this section, we
consider several variants of the boundary value problems. Constitutive equations in mechanics of growing solids are
usually presented in terms of velocities of the physical fields. The parameters of stress-strain state can be recovered via its
velocities by following formulas in operator form

𝛔(x, t) =
∗
𝛔(x) +

t

∫
∗
𝜏(x)

𝜕t𝛔(x, t′)dt′, u(x, t) =
∗
u(x) +

t

∫
∗
𝜏(x)

v(x, t′)dt′, (1)

and in coordinate form

𝜎i𝑗(xk, t) =
∗
𝜎i𝑗(xk) +

t

∫
∗
𝜏(xk)

𝜕t𝜎
i𝑗(xk, t′)dt′, ui(xk, t) =

∗
ui(xk) +

t

∫
∗
𝜏(xk)

vi(xk, t′)dt′. (2)

Herein, 𝛔 = 𝜎i𝑗 is the Cauchy stress tensor,
∗
𝛔(x) = 𝛔|t=∗

𝜏(x); u = ui is the displacement vector,
∗
u(x) = u |||t=∗

𝜏(x) ; v is
the velocity vector; and 𝜕t denotes the derivative on time. The present equations (2) are the simple integrating rule of
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primitives. We note that all necessary initial conditions for values in (1) and (2) as well as load changes with time as the
parts and structures grow are given.

3.1 The general nonlinear boundary value problem
In the current subsection, we consider the nonlinear theory of surface growth process for a hyperelastic continuum. In
terms of velocities, the equilibrium equation can be derived in following operator form:

𝛁 · (𝜕t𝛔) = 0, (3)

Boundary conditions on a non-growing part of the surface are

x ∈ Σ1 ∶ n · 𝜕t𝛔 = 𝜕tp0, x ∈ Σ2 ∶ v = 𝜕tu0. (4)

Condition on a growing surface that is obtained from the solution of contact interaction problem between 3D solid and
2D surface is as follows:

x ∈
∗
Σ(t) ∶ n · 𝜕t𝛔 = −sn(s ∶ L) n, sn = n · v. (5)

Kinematic boundary condition on a growing surface (the conservation law for a growing solid composition) is

x ∈
∗
Σ(t) ∶ v = vdef + vgr. (6)

Relation between the strain rates and velocities is

D = 1
2
(𝛁⊗ v + v ⊗ 𝛁), (7)

and the constitutive equation has the form
𝜕t𝛔 = 2t(D, v). (8)

The equation of the propagating growing surface
∗
Σ(t) for a growing solid can be assumed in the implicit form as follows:

t =
∗
𝜏(x), (9)

where 𝛁 is the Hamilton (nabla) operator, p0 is the given traction vector, u0 are the given displacements vectors, n is the
unit vector of normal to the surface of solid, s is the 2D tensor of the given elastic surface tension, L is the 2D tensor of
the surface curvature, D is the strain rate tensor, vdef is the velocity of the boundary surface due to deformation of a solid,
and vgr = −vdep is the prescribed velocity of growth that is opposite to the velocity of deposition of a new material to the
growing surface.

Equations (3)–(9) supplemented by the recovering formulae (1) state the boundary value problem for a surface growing
solid in a nonlinear case. It should be noted that the boundary value problem for a growing solid contains following set
of controlled values, namely, loads, stresses on the propagating growing surface, and velocity of deposition.

3.2 Theory of surface growth for thin-walled solids
Term «thin-walled parts» means such solids, which are subjected to large displacements and small strains during the
growing and deforming processes. In this case, we can use linear constitutive equations (Hooke's law) while boundary
conditions are still nonlinear and growing surface is unknown. In this case, we obtain the boundary value problem like
in Section 3.1 in the operator form

𝛁 · (𝜕t𝛔) = 0, 𝜕t𝛔 = 2𝜇D + 𝜆tr(D)I, D = 1
2
(𝛁⊗ v + v ⊗ 𝛁), v = vdef + vgr,

x ∈ Σ1 ∶ n · 𝜕t𝛔 = 𝜕tp0, x ∈ Σ2 ∶ v = 𝜕tu0,

x ∈
∗
Σ(t) ∶ n · 𝜕t𝛔 = −sn(s ∶ L) n, sn = n · v, t =

∗
𝜏(x).

(10)
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where 𝜆,𝜇 are the Lamé parameters. Note that the velocity of propagating growing surface consists of the velocity occurred
due to deposition of a new material and velocity appearing due to deformation of solids.

3.3 Theory of surface growth for thick-walled parts
Consider the theory of mechanical behavior of growing solids for infinitesimal deformations. It is quite clear that one
deals with thick-walled structures, the deformation of which for classical structural materials in the growing processes
and loading is infinitesimal. In this case, the velocity of growing surface that appears due to deformation of solids vdef can
be eliminated, because this term is infinitesimal in comparison with the propagation velocity of growing surface. In this
case, we can simplify the boundary value problem (3.2) as follows

𝛁 · (𝜕t𝛔) = 0, 𝜕t𝛔 = 2𝜇D + 𝜆tr(D)I, D = 1
2
(𝛁⊗ v + v ⊗ 𝛁), v = vgr,

x ∈ Σ1 ∶ n · 𝜕t𝛔 = 𝜕tp0, x ∈ Σ2 ∶ v = 𝜕tu0,

x ∈
∗
Σ(t) ∶ n · 𝜕t𝛔 = −sn(s ∶ L) n, sn = n · v, t =

∗
𝜏(x).

(11)

Equation (11) forms the general boundary value problem for thick-walled solids. This boundary value problem is mathe-
matically identical to the boundary value problem of the theory of elasticity for small deformations, and the most adequate
results are obtained within the framework of this version of the theory (see, e.g., previous works45-48).

Both simplified theories discussed in Sections 3.2 and 3.3 for thin (10) and thick (11) walled growing solids give ade-
quate mathematical models of growing processes for different applications. Nevertheless, the development of the general
nonlinear theory is very important especially from the point of view of new constitutive equation for material description
of a continuum with microstructure.

4 GROWTH OF ELASTIC THICK-WALLED MULTILAYER CYLINDER

4.1 Elastic equilibrium in cylindrical coordinate frame: Lamé problem
The problem considered below has been solved within the framework of the boundary value problem discussed in
Section 3.3. In order to simplify the solution, the condition of axial symmetry in cylindrical coordinates and the condition
of the plane deformed state (an infinitely long hollow cylinder) are used. The equilibrium equation (3) under cylindrical
symmetry condition can be represented as follows:

𝜕𝜎rr

𝜕r
+

𝜎rr − 𝜎𝜑𝜑

r
= 0, (12)

where 𝜎rr is the radial stress and 𝜎𝜑𝜑 is the circumferential one. For the radial strain tensor component err and the
circumferential one e𝜑𝜑, the following equations take place:

err =
𝜕ur

𝜕r
, e𝜑𝜑 = ur

r
, (13)

wherein ur is the radial displacement.
Consider a multilayer elastic cylinder consisting of different elastic materials. Hooke's law for a cylinder can be

manifested in the following form:

𝜎
(i)
rr = (𝜆i + 2𝜇i)e(i)rr + 𝜆ie(i)𝜑𝜑, 𝜎

(i)
𝜑𝜑 = (𝜆i + 2𝜇i)e(i)𝜑𝜑 + 𝜆ie(i)rr , (14)

where (i = 1 … n) is the layer number, 𝜆i, 𝜇i are Lamé material constants for ith layer. The elastic properties of Hooke's
material are determined by two coefficients: Young's modulus E and Poisson's ratio 𝜈. Note that dimensionless boundary
value problem can provide the solution for a hypothetical material in simple form that is independent of the material
constants and can elucidate the quality features of the solution. In the present article, for the dimensionless numerical
simulation, the values of Young's modules for each layer are different and reduced to dimensionless parameter by 𝛼i =
Ei∕E0. Hereinafter, the values measured in Pascals (elastic modulus and stresses) are divided by the value of Young's
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modulus of the growing layer. Poisson's ratio varies within the range 0.2<𝜈i < 0.4. Expressions for the Lamé parameters
imply a set of different values 𝜆i and 𝜇i, which depend on the choice of dimensionless parameters 𝜈i and 𝛼i:

𝜆i =
𝛼i𝜈i

(1 + 𝜈i)(1 − 2𝜈i)
, 𝜇i =

𝛼i

2(1 + 𝜈i)
. (15)

The general solution of the equation of equilibrium (12) under conditions of constitutive equations (14) and (13) can
be obtained as follows:

𝜎
(i)
rr = Ai +

Bi

r2 , 𝜎
(i)
𝜑𝜑 = Ai −

Bi

r2 , 𝜎
(i)
zz = 𝜆iAi

𝛾i
, u(i)

r = Air
2𝛾i

− Bi

2𝜇ir
, 𝛾i = 𝜆i + 𝜇i. (16)

Here, Ai, Bi are unknown integrating constants determined from the boundary conditions of the problem.
The solution of specific problem defined by Equation (16) is need to be supplemented by the specific boundary condi-

tions. Consider the multilayer cylinder with size of each layer R(i− 1) < r<Ri (i = 1 … n). Then the inner surface of the
cylinder r = R0 corresponds to the inner surface of the first inner layer, the outer surface of the cylinder r = Rn corre-
sponds to the outer surface of the last outer layer. The surfaces r = Ri (i = 1 … (n − 1)) are the contact surfaces between
the layers. Average pressures act on the inner and outer surfaces:

𝜎
(1)
rr (R0) = p0, 𝜎

(n)
rr (Rn) = pn. (17)

On the contact surfaces r = Ri (i = 1 … (n − 1)), the conditions for continuity of radial stress and radial displacement
have the form

𝜎
(i)
rr (Ri) = 𝜎

(i+1)
rr (Ri), u(i)

r (Ri) = u(i+1)
r (Ri) (i = 1 … (n − 1)). (18)

Integrating constants Ai, Bi are found from the solution of a system of linear equations (17) and (18) taking account
of Lamé problem solution (16). In following sections, we consider specific boundary value problems on deformation of a
concentrically growing multilayer and single-layer cylinder.

5 BOUNDARY VALUE PROBLEM FOR A SURFACE GROWTH OF A
MULTILAYER THICK-WALLED CYLINDER

The predefined stress-strain state of the multilayer cylinder is described by the solution (16). Assume that at time t= t0,
a new material is added on the inner surface of the cylinder (appearing growing layer i = 0). The law of motion of
propagating growing surface in the direction of the axis of symmetry can be chosen on the following simple form:

R(t) =
√

R2
0 − mt, (19)

where m> 0 is growing volume per unit of time. It is need to account the additional inequality (R2
0 ≥ mt) for elimination

of negative values under radical in (19). The stress-strain state of a cylinder depends on the rate of growth. The boundary
value problem in virtue of (11) and taking into account the axial symmetry condition can be derived in the form

𝜕t𝜎
(i)
rr = Xi(t) +

Yi(t)
r2 , 𝜕t𝜎

(i)
𝜑𝜑 = Xi(t) −

Yi(t)
r2 , 𝜕t𝜎

(i)
zz = 𝜆iXi(t)

𝛾i
, 𝜕tui =

Xi(t)r
2𝛾i

− Yi(t)
2𝜇ir

. (20)

where Yi(t), Xi(t) are the unknown time dependent functions derived from boundary conditions and i takes the values
from 0 to n as follows:

𝜕t𝜎
(0)
rr (R(t)) =

sn(t)𝜏(t)
R(t)

, sn(t) = 𝜕tR(t) = −0.5m(R2
0 − mt)−1∕2,

𝜕t𝜎
(i)
rr (Ri) = 𝜕t𝜎

(i+1)
rr (Ri), 𝜕t𝜎

(n)
rr (Rn) = 0, 𝜕tu(i)

r (Ri) = 𝜕tu(i+1)
r (Ri),

(21)

where 𝜏(t) is a tension on the growing surface given from the experiment data for each growth process.
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We can obtain solutions for stresses and displacements in each layer i = 1 … n for given time t> t0 by integrating
solutions (20) in time due to the formulae of restoration (2) in following form:

𝜎
(i)
rr = Ai +

Bi

r2 +

t

∫
t0

(
Xi(s) +

Yi(s)
r2

)
ds, 𝜎(i)

𝜑𝜑 = Ai −
Bi

r2 +

t

∫
t0

(
Xi(s) −

Yi(s)
r2

)
ds,

𝜎
(i)
zz = 𝜆i

𝛾i

⎛⎜⎜⎝Ai +

t

∫
t0

Xi(s)ds
⎞⎟⎟⎠ , u(i)

r = Air
2𝛾i

− Bi

2𝜇ir
+
⎛⎜⎜⎝

t

∫
t0

Xi(s)r
2𝛾i

− Yi(s)
2𝜇ir

⎞⎟⎟⎠ ds.

(22)

The solutions for the growing layer can be presented by formulae

𝜎
(0)
rr = p0 +

t

∫
t0

(
X0(s) +

Y0(s)
r2

)
ds, 𝜎(0)

𝜑𝜑 = A1 −
B1

R2
0
+

t

∫
t0

(
X0(s) −

Y0(s)
r2

)
ds,

𝜎
(0)
zz = 𝜆1A1

𝛾1
+ 𝜆0

𝛾0

t

∫
t0

X0(s)ds, u(0)
r = A1R0

2𝛾1
− B1

2𝜇1R0
+
⎛⎜⎜⎝

t

∫
t0

X0(s)r
2𝛾0

− Y0(s)
2𝜇0r

⎞⎟⎟⎠ ds.

(23)

Using solutions (22) and (23), we will analyze the influence of Lamé parameters on the formation of the stress-strain
state of a material under growth conditions in different specific cases in the following sections.

6 SINGLE-LAYER GROWING CYLINDER

In this section, we consider a single-layer cylinder with the material parameters 𝜆1, 𝜇1. Cylinder has internal and external
radii R0 < r<R1. Growth process is begun at time t= t0 with the parameters 𝜆0, 𝜇0. Constants A1, B1, X1, Y1, X0, Y0 are
computed using the system of boundary conditions (17), (18), (21) in the following form:

X0 = −Ψ−1𝛾0
[
(𝜇0 − 𝜇1)𝛾1R2

1 + 𝜇1(𝛾1 + 𝜇0)R2
0
]
, A1 = −(R2

1 − R2
0)

−1(p1R2
0 + p2R2

1),
Y0 = Ψ−1𝜇0

[
𝜇1(𝛾0 − 𝛾1)R2

0 + 𝛾1(𝛾0 + 𝜇1)R2
1
]

R2
0, B1 = (R2

1 − R2
0)

−1(p1 + p2)R2
0R2

1,

X1 = −Ψ−1(𝜆0 + 2𝜇0)𝜇1𝛾1R2
0, Y1 = Ψ−1(𝜆0 + 2𝜇0)𝜇1𝛾1R2

0R2
1,

Ψ =
{
𝜇R2

0
[
𝜇1R2

0(𝛾0 − 𝛾1) + 𝛾1(𝛾0 + 𝜇1)R2
1
]
− 𝛾0R2(t)

[
(𝜇0 − 𝜇1)𝛾1R2

1 + 𝜇1(𝛾1 + 𝜇0)R2
0
]}

· [R0(t)𝜏(t)s(t)]−1
.

(24)

The results of calculations of stress fields at different moments of time for a given set of material constants are presented
in Figures 1–7. The following dimensionless material constants have been used in the following calculations: 𝜈 = 0.3,
p0 = 0.001, pn = 0.0001, 𝜏 = 0.0055, m = 0.05.

FIGURE 1 Radial 𝜎rr (red lines) and
circumferential 𝜎𝜑𝜑 (blue lines) stresses on the
free growing surface for 𝛼1 = 1 (solid line),
𝛼1 = 2 (dashed lines), 𝛼1 = 0.5 (dotted lines)
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FIGURE 2 𝜎rr at the different times, 𝛼1 = 1, R1∕R0 = 1.2

FIGURE 3 𝜎𝜑𝜑 at the different times, 𝛼1 = 1, R1∕R0 = 1.2

The equality of the fields of radial and circumferential stresses on the growth surface at the initial moment of time is
due to the fulfillment of the equilibrium equation at the moment of attachment of the growing layer. It follows from the
plot that a two-fold increase in Young's modulus reduces the absolute value of the radial and circumferential stress on the
free growing surface by 50%. A decrease in Young's modulus in the material of the cylinder increases the stresses of the
growing layer on the growth surface by 50%. This difference is weakly dependent on time of growth and can be considered
as a constant.
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FIGURE 4 𝜎rr at the different times, 𝛼1 = 2, R1∕R0 = 1.2

FIGURE 5 𝜎𝜑𝜑 at the different times, 𝛼1 = 2, R1∕R0 = 1.2

In Figure 8, the change in the magnitude of the circumferential stress on the growth surface is presented depending on
the choice of Young's modulus for the cylinder. Based on the data obtained from the numerical simulations of boundary
value problems, one can conclude that the stresses on growing surface have the similar time plots. The following formula
allows us to approximate results by a simple scaling equation

𝜎i𝑗(R(t), 𝛼1) =
𝜎i𝑗(R(t), 1)√

(𝛼1)
. (25)
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FIGURE 6 𝜎rr at the different times, 𝛼1 = 0.5, R1∕R0 = 1.2

FIGURE 7 𝜎𝜑𝜑 at the different times, 𝛼1 = 0.5, R1∕R0 = 1.2

It follows from Figure 8 that the best degree of approximation is for 𝛼1 < 1, which corresponds to the ratio of parameters
for the material of blood vessels. Note that if the constant 𝛼1 retains its value and the value of Young's modulus of the
growing layer is different for a particular calculation, then the stress values are directly proportional to the value of Young's
modulus of the growing layer. The maximum level of stresses on the contact surface depends on the boundary conditions
and the value of the inner radius of the layer (since the pressure on the inner surface is much higher than the pressure
on the outer one). It has been found that the ratio (25) approximates the dependence of stresses on 𝛼1 regardless of the
choice R0 and with the same degree of accuracy.
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FIGURE 8 The dependence of the level of
circumferential stress on the growth surface of
the magnitude of Young's modulus of a
single-layer cylinder. The markers indicate the
calculation data, the dotted line indicates the
approximation dependence (25)

7 TWO-LAYERED GROWING CYLINDER

In this section, we consider the problem of computation of the stress-strain state of a growing two-layer cylinder on its
inner surface. The system of equations describing the boundary conditions takes the form

𝜕t𝜎
0
rr(R0) = 𝜕t𝜎

1
rr(R0), 𝜕tu0

r (R0) = 𝜕tu1
r (R0), 𝜕t𝜎

1
rr(R1) = 𝜕t𝜎

2
rr(R1), 𝜕tu1

r (R1) = 𝜕tu2
r (R1). (26)

The unknown functions are calculated using the general solution (22) and (23) supplemented by the conditions (26) in
following form:

X0 =𝛾0Ψ−1
1 [(𝛾1 − 𝛾2)(𝜇0 − 𝜇1)𝜇2R4

1 + 𝛾2(𝜇1 − 𝜇2)R2
0R2

2(𝛾1 + 𝜇0)]
+ R2

1[𝜇2R2
0(𝛾1 + 𝜇0)(𝛾2 + 𝜇1) + 𝛾2(𝜇0 − 𝜇1)R2

2(𝛾1 + 𝜇2)],
Y0 =𝜇0R2

0Ψ
−1
1 [(𝛾1 − 𝛾2)𝜇2R4

1(𝛾0 + 𝜇1) + (𝛾0 − 𝛾1)𝛾2(𝜇1 − 𝜇2)R2
0R2

2]
+ R2

1[(𝛾0 − 𝛾1)𝜇2R2
0(𝛾2 + 𝜇1) + 𝛾2R2

2(𝛾0 + 𝜇1)(𝛾1 + 𝜇2)],
X1 =𝛾1Ψ−1

1 R2
0(𝛾1 + 𝜇1)[𝜇2R2

1(𝛾2 + 𝜇1) + 𝛾2(𝜇1 − 𝜇2)R2
2],

Y1 =Ψ−1
1 𝜇1R2

0R2
1(𝛾1 + 𝜇1)[(𝛾1 − 𝛾2)𝜇2R2

1 + 𝛾2R2
2(𝛾1 + 𝜇2)],

X2 =𝛾2𝜇2Ψ−1
1 R2

0R2
1(𝛾0 + 𝜇0)(𝛾1 + 𝜇1), Y2 = Ψ−1

1 𝛾2𝜇2R2
0R2

1R2
2(𝛾0 + 𝜇0)(𝛾1 + 𝜇1),

A1 =
p0R2

0 + pnR2
1

R2
0 − R2

1
, B1 = −

(p0 + pn)R2
0R2

1

R2
0 − R2

1
,

A2 =
𝛾2{𝜇2p0R2

0(𝛾1 + 𝜇1) + pn[𝛾1(𝜇2 − 𝜇1)R2
0 + 𝜇1R2

1(𝛾1 + 𝜇2)]}
𝛾1𝜇1(R2

0 − R2
1)(𝛾2 + 𝜇2)

,

B2 =
𝜇2R2

1{𝛾2p0R2
0(𝛾1 + 𝜇1) + pn[𝛾1R2

0(𝛾2 + 𝜇1) + (𝛾2 − 𝛾1)𝜇1R2
1]}

𝛾1𝜇1(R2
1 − R2

0)(𝛾2 + 𝜇2)
,

Ψ1 =
(
𝛾0R(t)2{(𝛾1 − 𝛾2)(𝜇0 − 𝜇1)𝜇2R4

1 + R2
1[𝜇2R2

0(𝛾1 + 𝜇0)(𝛾2 + 𝜇1)
+ 𝛾2(𝜇0 − 𝜇1)R2

2(𝛾1 + 𝜇2)] + 𝛾2(𝜇1 − 𝜇2)R2
0R2

2(𝛾1 + 𝜇0)}−
− 𝜇0R2

0{(𝛾1 − 𝛾2)𝜇2R4
1(𝛾0 + 𝜇1) + R2

1[(𝛾0 − 𝛾1)𝜇2R2
0(𝛾2 + 𝜇1)

+𝛾2R2
2(𝛾0 + 𝜇1)(𝛾1 + 𝜇2)] + (𝛾0 − 𝛾1)𝛾2(𝜇1 − 𝜇2)R2

0R2
2}
)
(R(t)s(t)𝜏(t))−1.

The typical stresses for given parameters are shown on Figures 9–11. To eliminate the influence of the geometric param-
eters of the cylinder, we take the values of the inner radius of the inner layer and the outer radius of the outer layer to be
equal to the inner and outer radius of the single-layer cylinder from the previous section. The radius of the contact surface
between the layers is given in the following form: R1 = (R0 + R2)∕2.
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FIGURE 9 𝜎rr at the different times, 𝛼1 = 1, 𝛼2 = 2, R1∕R0 = 1.1,
R2∕R0 = 1.2

FIGURE 10 𝜎𝜑𝜑 at the different times, 𝛼1 = 1, 𝛼2 = 2,
R1∕R0 = 1.1, R2∕R0 = 1.2

Based on the analysis of numerical solutions of a two-layer cylinder, it has been shown that the parameters of both layers
can be chosen so that the stress-strain state of the composite material corresponds to the stress-strain state of one layer
with a given value of 𝛼∗

1 . This approach allows us to estimate the effect of a change of Young's modulus in each material
depending on the position of the contact boundary between the layers. The ratio, which allows replacing the composite
material with a single-layer analog (while maintaining the values of the inner and outer surfaces), can be assumed in the
following form

2𝛼∗
1 = 𝛼1

R2

R1
+ 𝛼2

R0

R1
. (27)

The maximum difference between the solution for two-layer cylinder and solution for single-layer cylinder with elas-
tic modulus 𝛼∗

1 that has been calculated using equation (27) is 1.6%. As a result, we have simplified the analysis of the
influence of the parameters of each layer and passed to the dependencies presented in previous paragraph.
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FIGURE 11 𝜎rr and 𝜎𝜑𝜑 on the free growing surface for one-layer cylinder (𝛼∗
1 = 2) and two-layer cylinder (𝛼1 = 1, 𝛼2 = 3.2, dashed lines)

8 CONCLUSIONS

Some fundamental principles for mechanics of surface growth have been formulated and discussed. The set of boundary
value problems on the surface growth processes have been solved. The stress-strain state of the growing material, on the
inner surface of which the process of continuous growth is performed, has been investigated. The features of the formation
of the stress-strain state with different material parameters for cases of single- and two-layer cylinders have been discussed.
Assessment of the influence of Young's modulus on the magnitude of the maximum stresses on the growing surface that
determines the allowable limit of stable growth is performed. For a composite biomaterial, the possibility of replacing the
original problem with a similar one with a single layer, the parameters of which can influence the residual stresses on
a growing surface in the same way, has been estimated. Stress distributions have been constructed for various material
parameters. As a result, we have estimated the value of stresses on the contact surface between the growing layer and the
main solid layer.

The obtained analytical solution of the problems on the luminal narrowing of the vascular wall allows us to estimate the
stress concentration on the inner wall of the vessel. The concentration of residual stresses that occurs during growth results
in rupture of the inner vascular membrane, which leads to vessel thrombosis. A comparison of the solutions has made it
possible to indicate the parameters for which the solution for a multilayer solid can be replaced with sufficient accuracy
by the solution for a single-layer cylinder. The obtained solutions can be used as a rough estimation when calculating the
possible unknown parameters of the problem. Thus, the growth rate of an atherosclerotic plaque can be determined by
using known stresses in the vessel wall, and vice versa, for a known rate of disease development, it is possible to determine
the moment of occurrence of critical stresses in the vessel wall.
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