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Ïðåäñòàâëåíî Î.Ñ. Ðîçàíîâîé

Abstract: The paper deals with a system of equations that describes
steady-state process of radiative-conductive heat transfer in a bounded
domain with boundary conditions of specular and di�use re�ection
of radiation and boundary conditions of the third kind for temperature.
For the description of radiative energy �eld, the SP3 approximation
of the simpli�ed spherical harmonics method is used. We establish
properties of existence and uniqueness of the solution of the boundary
value problem under constraints on coe�cients in boundary conditions
which are ful�lled over entire range of feasible physical data.

Keywords: radiative heat transfer, SP3 approximation, SPN approxima-
tion, cross di�usion, unique solvability.

1 Ââåäåíèå

Ïîâûøåíèå òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ óðàâíåíèÿ ïåðåíîñà èç-
ëó÷åíèÿ, ñîâìåùåííîãî ñ óðàâíåíèåì òåïëîïðîâîäíîñòè, ïðåäñòàâëÿåò
ïðàêòè÷åñêèé èíòåðåñ â ñâÿçè ñ òåõíè÷åñêèìè è ìåäèöèíñêèìè ïðèëî-
æåíèÿìè [1, 2, 3, 4, 5]. Êàê ïîêàçàëî ñðàâíåíèå [4, 5, 6, 7], èñïîëüçîâàíèå
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äèôôóçèîííîãî ïðèáëèæåíèÿ ïîçâîëÿåò íåïëîõî îïèñàòü îáùóþ êàðòè-
íó ñëîæíîãî òåïëîîáìåíà, â òî âðåìÿ êàê äëÿ äîñòèæåíèÿ òî÷íîñòè,
áëèçêîé ê òîé, êîòîðóþ äàþò áîëåå òðóäîåìêèå ìåòîäû Ìîíòå-Êàðëî,
ïîòðåáóþòñÿ ïðèáëèæåíèÿ ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê õîòÿ áû òðå-
òüåãî ïîðÿäêà. Îäíàêî, ñ ìàòåìàòè÷åñêîé òî÷êè çðåíèÿ, ýòè óðàâíåíèÿ
òðåáóþò äîïîëíèòåëüíîãî àíàëèçà êîððåêòíîñòè äëÿ áîëåå íàäåæíîãî
ïðèìåíåíèÿ èõ íà ïðàêòèêå.
Â äàííîé ðàáîòå èññëåäóåòñÿ ñòàöèîíàðíàÿ ìîäåëü ñëîæíîãî òåïëî-

îáìåíà íà îñíîâå SP3-ïðèáëèæåíèÿ óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ. Ðà-
íåå áûëà äîêàçàíà êîððåêòíîñòü SPN -ïðèáëèæåíèé áåç ó÷åòà çàâèñè-
ìîñòè èñòî÷íèêîâ èçëó÷åíèÿ îò òåìïåðàòóðû [8], à òàêæå êîððåêòíîñòü
íåñòàöèîíàðíîé ìîäåëè ñëîæíîãî òåïëîîáìåíà ïðèìåíèòåëüíî ê àíàëèçó
îáðàòíûõ çàäà÷ [9]. Ñòàöèîíàðíûå ìîäåëè ñëîæíîãî òåïëîîáìåíà èçó-
÷àëèñü â ðàìêàõ äèôôóçèîííîãî (P1) ïðèáëèæåíèÿ [10, 11, 12]. Îòìå-
òèì òàêæå ðàáîòû [13, 14], â êîòîðûõ óñòàíîâëåíà êîððåêòíîñòü ìîäå-
ëåé òåïëîîáìåíà ñ ïîëíûì óðàâíåíèåì ïåðåíîñà èçëó÷åíèÿ, è ðàáîòû
[15, 16, 17, 18, 19, 20, 21], ïîñâÿùåííûå òåîðåòè÷åñêîìó è ÷èñëåííîìó
àíàëèçó SPN -ïðèáëèæåíèé.
Âàæíî óñòàíîâèòü êîððåêòíîñòü ðàññìàòðèâàåìîé ìîäåëè äëÿ îáîñ-

íîâàíèÿ âîçìîæíîñòè èñïîëüçîâàíèÿ ñòàöèîíàðíûõ óðàâíåíèé äëÿ îïè-
ñàíèÿ óñòàíîâèâøåãîñÿ ñîñòîÿíèÿ ïîëåé òåìïåðàòóðû è ýíåðãèè èçëó-
÷åíèÿ. Ñóùåñòâîâàíèå ðåøåíèÿ êðàåâîé çàäà÷è äëÿ SP3-ìîäåëè ñëîæ-
íîãî òåïëîîáìåíà äîêàçûâàåòñÿ òàêèì æå ìåòîäîì, êàê è ïðè àíàëèçå
P1-ìîäåëè [10]. Åäèíñòâåííîñòü ðåøåíèÿ ïîëó÷åíà ïðè äîïîëíèòåëüíîì
óñëîâèè íà êîýôôèöèåíòû â ãðàíè÷íûõ óñëîâèÿõ, êîòîðûå âûïîëíÿþòñÿ
äëÿ âñåãî äèàïàçîíà äîïóñòèìûõ ôèçè÷åñêèõ äàííûõ.

2 Âûâîä âàðèàíòà ìîäåëè. Ïîñòàíîâêà çàäà÷è

Ðàíåå â ðàáîòå [9] áûëè èññëåäîâàíû íåñòàöèîíàðíûå óðàâíåíèÿ SP3-
ïðèáëèæåíèÿ âìåñòå ñ óðàâíåíèåì òåïëîïðîâîäíîñòè è óðàâíåíèåì ñâî-
áîäíîé êîíâåêöèè, ïðè ýòîì ãðàíè÷íûå óñëîâèÿ áûëè çàïèñàíû â îáùåì
âèäå, è îòíîñèòåëüíî êîýôôèöèåíòîâ ïðåäïîëàãàëîñü óñëîâèå ñòðîãîãî
äèàãîíàëüíîãî ïðåîáëàäàíèÿ. Â ýòîì ðàçäåëå ìû âûâåäåì âûðàæåíèÿ
äëÿ ãðàíè÷íûõ êîýôôèöèåíòîâ è ñôîðìóëèðóåì óñëîâèå, êîòîðîìó îíè
äîëæíû óäîâëåòâîðÿòü, ÷òîáû êðàåâàÿ çàäà÷à ãàðàíòèðîâàííî èìåëà
åäèíñòâåííîå ðåøåíèå. Çäåñü æå ìû óñòàíîâèì, ÷òî ýòî óñëîâèå âûïîë-
íÿåòñÿ äëÿ âñåãî äèàïàçîíà äîïóñòèìûõ ôèçè÷åñêèõ äàííûõ â ðàìêàõ
âàðèàíòà SP3-ìîäåëè ñ êðàåâûìè óñëîâèÿìè çåðêàëüíîãî è äèôôóçíîãî
îòðàæåíèÿ ñ êîýôôèöèåíòàìè îòðàæåíèÿ, íå çàâèñÿùèìè îò íàïðàâëå-
íèÿ ïàäàþùèõ ëó÷åé.
Óñòàíîâèâøèéñÿ ïðîöåññ òåïëîâîãî èçëó÷åíèÿ â ñðåäå, ïðîïóñêàþùåé,

èçëó÷àþùåé, ïîãëîùàþùåé è ðàññåèâàþùåé òåïëîâîå èçëó÷åíèå, çàïîë-
íÿþùåé îáëàñòü Ω ⊂ R3 ñ ãðàíèöåé Γ, êîòîðàÿ èçëó÷àåò, ïîãëîùàåò, à
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òàêæå çåðêàëüíî è äèôôóçíî îòðàæàåò òåïëîâîå èçëó÷åíèå, ìîäåëèðó-
åòñÿ óðàâíåíèåì [22]

ω · ∇xI(x, ω) + κI(x, ω) =
κs
4π

∫
S
P (ω, ω′)I(x, ω′) dω′ + κaIb(T (x)) +

q(x)

4π

ñ ãðàíè÷íûì óñëîâèåì

I(x, ω) = ε(x)Ib(Tb(x)) + ρs(x)I(x, ωR)+

+
ρd(x)

π

∫
ω′·n>0

I(x, ω′)ω′ · n dω′, ω · n < 0, x ∈ Γ.

Çäåñü I(x, ω) � èíòåíñèâíîñòü èçëó÷åíèÿ, T (x) � àáñîëþòíàÿ òåìïåðà-
òóðà. Íàïðàâëåíèÿ èçëó÷åíèÿ îòîæäåñòâëÿþòñÿ ñ òî÷êàìè åäèíè÷íîé
ñôåðû S = {ω ∈ R3 : |ω| = 1}. ×åðåç Ib(T ) îáîçíà÷åíà èíòåíñèâíîñòü èç-
ëó÷åíèÿ àáñîëþòíî ÷åðíîãî òåëà ïðè òåìïåðàòóðå T : Ib(T ) = σn2T 4/π,
ãäå n � ïîêàçàòåëü ïðåëîìëåíèÿ, σ � ïîñòîÿííàÿ Ñòåôàíà �Áîëüöìàíà.
×åðåç Tb(x) îáîçíà÷åíà òåìïåðàòóðà ãðàíèöû îáëàñòè, q(x) � îáúåìíàÿ
ïëîòíîñòü èçîòðîïíûõ èñòî÷íèêîâ èçëó÷åíèÿ, κa � êîýôôèöèåíò ïîãëî-
ùåíèÿ, κs � êîýôôèöèåíò ðàññåÿíèÿ, κ = κa + κs, P (ω, ω

′) � ôàçîâàÿ
ôóíêöèÿ ðàññåÿíèÿ, ε � êîýôôèöèåíò èçëó÷åíèÿ ïîâåðõíîñòè, ρs è ρd �
êîýôôèöèåíòû çåðêàëüíîãî è äèôôóçíîãî îòðàæåíèÿ, ε + ρs + ρd = 1,
ωR = ω−2(ω·n)n � íàïðàâëåíèå îòðàæåíèÿ, n � âåêòîð âíåøíåé íîðìàëè
ê Γ.
Ïîëå òåìïåðàòóðû îïèñûâàåòñÿ óðàâíåíèåì òåïëîïðîâîäíîñòè:

−k∆T (x) = −divqr(x) + F (x),

ãäå k � êîýôôèöèåíò òåïëîïðîâîäíîñòè, F (x) � îáúåìíàÿ ïëîòíîñòü èñ-
òî÷íèêîâ òåïëà, qr � âåêòîð ïëîòíîñòè ïîòîêà èçëó÷åíèÿ, îïðåäåëÿåìûé
ôîðìóëîé qr(x) =

∫
S I(x, ω)ω dω. Íà ãðàíèöå îáëàñòè ïîñòàâèì ãðàíè÷-

íîå óñëîâèå III ðîäà, âûðàæàþùåå çàêîí Íüþòîíà �Ðèõìàíà:

k
∂T

∂n
+ h(x)(T (x)− Tb(x)) = 0, x ∈ Γ,

ãäå h(x) � êîýôôèöèåíò òåïëîîòäà÷è.
Äàëåå äëÿ âûâîäà ïðèáëèæåíèÿ óïðîùåííîãî ìåòîäà ñôåðè÷åñêèõ

ãàðìîíèê ðàññìîòðèì àíàëîãè÷íîå óðàâíåíèå, îïèñûâàþùåå ïåðåíîñ èç-
ëó÷åíèÿ â ïëîñêîïàðàëëåëüíîì ñëîå [11, 22, 23]:

µIτ (τ, µ) + I(τ, µ) =
c

2

∫ 1

−1
p(µ, µ′)I(τ, µ′) dµ′ + (1− c)Ib(T (τ)), (1)

ñ ãðàíè÷íûìè óñëîâèÿìè

I(0, µ) = ε1Ib(Tb1) + ρs1I(0,−µ) + 2ρd1

∫ 1

0
I(0,−µ′)µ′ dµ′, µ > 0, (2)

I(τ0, µ) = ε2Ib(Tb2) + ρs2I(τ0,−µ) + 2ρd2

∫ 1

0
I(0, µ′)µ′ dµ′, µ < 0, (3)
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ãäå I(τ, µ) � èíòåíñèâíîñòü èçëó÷åíèÿ â òî÷êå ñ îïòè÷åñêîé êîîðäèíàòîé
τ ∈ [0, τ0] â íàïðàâëåíèè, ñîñòàâëÿþùèì ñ ïîëîæèòåëüíûì íàïðàâëåíè-
åì îñè τ óãîë ñ êîñèíóñîì µ ∈ [−1, 1], c = κs/κ � àëüáåäî îäíîêðàòíîãî
ðàññåÿíèÿ, p(µ, µ′) � ôàçîâàÿ ôóíêöèÿ, T (τ) � àáñîëþòíàÿ òåìïåðàòóðà.
Áóäåì èñêàòü ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (1) â âèäå îòðåçêà

ðÿäà Ôóðüå ïî ìíîãî÷ëåíàì Ëåæàíäðà Pk(µ), à òàêæå ðàçëîæèì ïî ýòèì
æå ôóíêöèÿì ôàçîâóþ ôóíêöèþ ðàññåÿíèÿ:

I(τ, µ) =

3∑
k=0

ϕk(τ)Pk(µ) =

3∑
k=0

2k + 1

4π
ϕ̃k(τ)Pk(µ), p(µ, µ′) =

3∑
k=0

AkPk(µ
′)Pk(µ).

Ïîäñòàâèâ ðàçëîæåíèÿ ôóíêöèé I è p â óðàâíåíèå (1) è â ãðàíè÷íûå
óñëîâèÿ (2), (3) è óìíîæàÿ ïîëó÷åííûå ñîîòíîøåíèÿ íà Pl(µ), l = 1, 3, à
çàòåì èíòåãðèðóÿ ïî µ, ïîëó÷èì, ñëåäóÿ [22, 23], ñëåäóþùèå óðàâíåíèÿ
îòíîñèòåëüíî ôóíêöèé ϕk(τ):

1

3
ϕ′1 + (1− cA0)ϕ0 = (1− c)Ib(T (τ)), (4)

ϕ′0 +
2

5
ϕ′2 + (1− cA1/3)ϕ1 = 0, (5)

2

3
ϕ′1 +

3

7
ϕ′3 + (1− cA2/5)ϕ2 = 0, (6)

3

5
ϕ′2 + (1− cA3/7)ϕ3 = 0 (7)

âìåñòå ñ ãðàíè÷íûìè óñëîâèÿìè Ìàðøàêà:

3∑
k=0

[
pkl − (−1)kρs1pkl − 2(−1)kρd1p0lp1k

]
ϕk(0) = ε1Ib(Tb1)p0l, l = 1, 3,

3∑
k=0

[
pkl − (−1)kρs2pkl − 2(−1)kρd2p0lp1k

]
(−1)kϕk(τ0) = ε2Ib(Tb2)p0l, l = 1, 3,

ãäå pkl =
∫ 1
0 Pk(µ)Pl(µ) dµ.

Ïåðåõîäÿ ê ôóíêöèÿì ϕ̃k, ïîëó÷èì èç óðàâíåíèé (5), (7) ñîîòíîøåíèÿ

ϕ̃1 = −1

3
(1− cA1/3)

−1ϕ̃′0 −
2

3
(1− cA1/3)

−1ϕ̃′2,

ϕ̃3 = −3

7
(1− cA3/7)

−1ϕ̃′2,

îòñþäà ïîñëå ïîäñòàíîâêè â (4), (6) ïîëó÷àåì óðàâíåíèÿ

−1

3
(1− cA1/3)

−1ϕ̃′′0 −
2

3
(1− cA1/3)

−1ϕ̃′′2 + (1− cA0)ϕ̃0 = 4π(1− c)Ib(T (τ)),

−2

3
(1− cA1/3)

−1ϕ̃′′0 −
4

3
(1− cA1/3)

−1ϕ̃′′2 −
9

7
(1− cA3/7)

−1ϕ̃′′2 + 5(1− cA2/5)ϕ̃2 = 0
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è ãðàíè÷íûå óñëîâèÿ

−1

3
(1− cA1/3)

−1ϕ̃′0(0)−
2

3
(1− cA1/3)

−1ϕ̃′2(0)+

+
ε1

2(2− ε1)
(ϕ̃0(0)− 4πIb(Tb1)) +

5ε1
8(2− ε1)

ϕ̃2(0) = 0,

ρd1
4

(
−1

3
(1− cA1/3)

−1ϕ̃′0(0)−
2

3
(1− cA1/3)

−1ϕ̃′2(0)

)
+

3

7
(1 + ρs1)(1− cA3/7)

−1ϕ̃′2(0)+

+
ε1
8
(ϕ̃0(0)− 4πIb(Tb1))−

5

8

(
1− ρs1 +

1

4
ρd1

)
ϕ̃2(0) = 0,

1

3
(1− cA1/3)

−1ϕ̃′0(τ0) +
2

3
(1− cA1/3)

−1ϕ̃′2(τ0) +
ε2

2(2− ε2)
(ϕ̃0(τ0)− 4πIb(Tb2))+

+
5ε2

8(2− ε2)
ϕ̃2(τ0) = 0,

ρd2
4

(
1

3
(1− cA1/3)

−1ϕ̃′0(τ0) +
2

3
(1− cA1/3)

−1ϕ̃′2(τ0)

)
− 3

7
(1 + ρs2)(1− cA3/7)

−1ϕ̃′2(τ0)+

+
ε2
8
(ϕ̃0(τ0)− 4πIb(Tb2))−

5

8

(
1− ρs2 +

1

4
ρd2

)
ϕ̃2(τ0) = 0.

èç êîòîðûõ ñëåäóþò óñëîâèÿ

−2

3
(1− cA1/3)

−1ϕ̃′0(0)−
4

3
(1− cA1/3)

−1ϕ̃′2(0)−
9

7
(1− cA3/7)

−1ϕ̃′2(0)+

+
5ε1

8(2− ε1)
(ϕ̃0(0)− 4πIb(Tb1)) +

(
25ε1

8(2− ε1)
+

75ρd1
16(1 + ρs1)(2− ε1)

)
ϕ̃2(0) = 0,

2

3
(1− cA1/3)

−1ϕ̃′0(τ0) +
4

3
(1− cA1/3)

−1ϕ̃′2(τ0) +
9

7
(1− cA3/7)

−1ϕ̃′2(τ0)+

+
5ε2

8(2− ε2)
(ϕ̃0(τ0)− 4πIb(Tb2)) +

(
25ε2

8(2− ε2)
+

75ρd2
16(1 + ρs2)(2− ε2)

)
ϕ̃2(τ0) = 0.

Ôóíêöèÿ ϕ̃0 = 4πϕ0 àïïðîêñèìèðóåò ïëîòíîñòü ýíåðãèè èçëó÷åíèÿ∫ 1
−1 I(τ, µ) dµ, ôóíêöèÿ ϕ̃1 = 4πϕ1/3 àïïðîêñèìèðóåò âåëè÷èíó ïëîòíî-

ñòè ïîòîêà èçëó÷åíèÿ
∫ 1
−1 I(τ, µ)µdµ, ôóíêöèè ϕ2 è ϕ3 íå èìåþò ïðîñòîãî

ôèçè÷åñêîãî ñìûñëà.
×òîáû òåïåðü ïîëó÷èòü óðàâíåíèÿ SP3-ïðèáëèæåíèÿ, çàìåíèì â óðàâ-

íåíèÿõ ïëîñêîïàðàëëåëüíîãî ñëîÿ îäíîìåðíûå äèôôåðåíöèàëüíûå îïå-
ðàòîðû íà ìíîãîìåðíûå è ïåðåéäåì îáðàòíî îò ïåðåìåííîé τ ê ïåðåìåí-
íîé x. Áóäåì èìåòü

−α11∆ϕ̃0 − α12∆ϕ̃2 + κaϕ̃0 = 4πκaIb(T (x)),

−α21∆ϕ̃0 − α22∆ϕ̃2 + κ̃ϕ̃2 = 0,

α11
∂ϕ̃0
∂n

+ α12
∂ϕ̃2
∂n

+
ε

2(2− ε)
(ϕ̃0 − 4πIb(Tb)) +

5ε

8(2− ε)
ϕ̃2 = 0,
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α21
∂ϕ̃0
∂n

+ α22
∂ϕ̃2
∂n

+
ε

8(2− ε)
(ϕ̃0 − 4πIb(Tb))+

+

(
5ε

8(2− ε)
+

15ρd
16(1 + ρs)(2− ε)

)
ϕ̃2 = 0.

Çäåñü α11 = (3κ(1− cA1/3))
−1, α12 = 2α11, α21 = 2α11/5, α22 = 4α11/5 +

9

35κ(1− cA3/7)
, κ̃ = κ(1− cA2/5).

Äîïîëíèì SP3-ïðèáëèæåíèå óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ óðàâíå-
íèåì òåïëîïðîâîäíîñòè, ââåäÿ íîðìèðîâàííûå âåëè÷èíû θ = T/Tmax,

φ = ϕ̃0/4σn
2T 4

max, ξ = ϕ̃2/4σn
2T 4

max. Ïðèõîäèì ê êðàåâîé çàäà÷å

−a∆θ + bκa(θ
4 − φ) = 0, (8)

−α11∆φ− α12∆ξ + κa(φ− θ4) = 0, (9)

−α21∆φ− α22∆ξ + κ̃ξ = 0, (10)

a
∂θ

∂n
+ β(θ − θb) = 0, (11)

α11
∂φ

∂n
+ α12

∂ξ

∂n
+ γ11(φ− θ4b ) + γ12ξ = 0, (12)

α21
∂φ

∂n
+ α22

∂ξ

∂n
+ γ21(φ− θ4b ) + γ22ξ = 0. (13)

Çäåñü a = k/ρcp, b = 4σn2T 3
max/ρcp, β = h/ρcp, θb = Tb/Tmax,

γ11 =
ε

2(2− ε)
, γ12 =

5ε

8(2− ε)
, γ21 =

ε

8(2− ε)
, γ22 =

5ε

8(2− ε)
+

15ρd
16(1 + ρs)(2− ε)

.

×òîáû èçáàâèòüñÿ îò ïåðåêðåñòíîé äèôôóçèè â óðàâíåíèÿõ, ïðîèç-

âåäåì ïðåîáðàçîâàíèå êîîðäèíàò

(
ψ1

ψ2

)
= T

(
φ
ξ

)
, ãäå T =

(
1 λ1
1 λ2

)
, âû-

áðàâ, êàê è â [5, 9], ÷èñëà λ1, λ2 èç óñëîâèÿ ðàâåíñòâà íóëþ âíåäèàãîíàëü-
íûõ êîýôôèöèåíòîâ â óðàâíåíèÿõ. Ïðè ýòîì ìàòðèöû êîýôôèöèåíòîâ

óðàâíåíèé α̂ =

(
α11 α12

α21 α22

)
è ãðàíè÷íûõ óñëîâèé γ̂ =

(
γ11 γ12
γ21 γ22

)
ïðå-

îáðàçóþòñÿ, ñîîòâåòñòâåííî, ê ìàòðèöàì T α̂T−1 è T γ̂T−1. Ïðèõîäèì ê
ñîîòíîøåíèÿì

−α1∆ψ1 + κ̃ψ1 = κ̃sφ+ κaθ
4, (14)

−α2∆ψ2 + κ̃ψ2 = κ̃sφ+ κaθ
4, (15)

α1
∂ψ1

∂n
+ β11ψ1 + β12ψ2 = η1θ

4
b , (16)

α2
∂ψ2

∂n
+ β21ψ1 + β22ψ2 = η2θ

4
b , (17)

ãäå

λi =
α22 − α11

2α21
+
(−1)i

2α21

√
(α11 − α22)2 + 4α12α21, ω1 =

λ2
λ2 − λ1

, ω2 =
λ1

λ1 − λ2
,
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αi =
α11 + α22

2
+ (−1)i

√
(α11 − α22)2 + 4α12α21 > 0,

κ̃s = κ̃−κa ≥ 0, φ = ω1ψ1 +ω2ψ2, ω1 +ω2 = 1, ω1,2 ≥ 0,

(
η1
η2

)
= T

(
γ11
γ21

)
,

è ïîñêîëüêó

β̂ =

(
β11 β12
β21 β22

)
= T γ̂T−1 =

=
1

λ2 − λ1

(
(γ11 + λ1γ21)λ2 − (γ12 + λ1γ22) −(γ11 + λ1γ21)λ1 + (γ12 + λ1γ22)
(γ11 + λ2γ21)λ2 − (γ12 + λ2γ22) −(γ11 + λ2γ21)λ1 + (γ12 + λ2γ22)

)
,

òî ηi = βi1 + βi2.
Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà êîýôôèöèåíòîâ â ãðàíè÷íûõ óñëî-

âèÿõ ïðè ε > 0.

(1) Äèàãîíàëüíûå êîýôôèöèåíòû ñòðîãî ïîëîæèòåëüíû: βii > 0. Êî-
ýôôèöèåíò β12 îòðèöàòåëåí ïðè

λ1
ρd

ε(1 + ρs)
<

2

15
(λ21 − λ1 − 5).

Êîýôôèöèåíò β21 îòðèöàòåëåí ïðè

λ2
ρd

ε(1 + ρs)
>

2

15
(λ22 − λ2 − 5).

(2) Ìàòðèöà β̂ èìååò ñòðîãîå äèàãîíàëüíîå ïðåîáëàäàíèå.
(3) Âûïîëíÿþòñÿ íåðàâåíñòâà ω1β11−ω2|β21| > 0, ω2β22−ω1|β12| > 0.

Óáåäèòüñÿ â ñïðàâåäëèâîñòè ýòèõ óñëîâèé ïîçâîëÿåò íåïîñðåäñòâåí-
íàÿ ïðîâåðêà, àíàëèòè÷åñêàÿ ëèáî ÷èñëåííàÿ. Çàìåòèì, ÷òî âíåäèàãî-
íàëüíûå êîýôôèöèåíòû ñòàíîâÿòñÿ îòðèöàòåëüíûìè ïðè áîëüøèõ çíà-
÷åíèÿõ êîýôôèöèåíòà äèôôóçíîãî îòðàæåíèÿ.

3 Ôîðìàëèçàöèÿ çàäà÷è

Äëÿ ôîðìàëèçàöèè êðàåâîé çàäà÷è (8), (11), (14)�(17) áóäåì èñïîëü-
çîâàòü ïðîñòðàíñòâî Ñîáîëåâà V = H1(Ω). ×åðåç (f, v) îáîçíà÷àåì çíà-
÷åíèå ôóíêöèîíàëà f ∈ V ′ íà ýëåìåíòå v ∈ V è ñêàëÿðíîå ïðîèçâåäåíèå
â L2(Ω), åñëè f, v ∈ L2(Ω). Áóäåì ïðåäïîëàãàòü, ÷òî èñõîäíûå äàííûå
óäîâëåòâîðÿþò óñëîâèÿì:

(i) βij = const, βii > 0, ìàòðèöà β̂ èìååò ñòðîãîå äèàãîíàëüíîå ïðåîá-
ëàäàíèå; β ≥ β0 = const > 0, β ∈ L∞(Γ); 0 ≤ θb ∈ L∞(Γ);
(ii) ω1β11 − ω2|β21| > 0, ω2β22 − ω1|β12| > 0.
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Îïðåäåëèì îïåðàòîðû A : V → V ′, B1,2 : V × V → V ′ è ôóíêöèîíàëû
h, g1,2 ∈ V ′ ïî ñëåäóþùèì ôîðìóëàì, ñïðàâåäëèâûì äëÿ ëþáîãî v ∈ V :

(Aθ, v) = a(∇θ,∇v) +
∫
Γ
βθv dΓ,

(B1{ψ1, ψ2}, v) = α1(∇ψ1,∇v) +
∫
Γ
(β11ψ1 + β12ψ2)v dΓ,

(B2{ψ1, ψ2}, v) = α2(∇ψ2,∇v) +
∫
Γ
(β21ψ1 + β22ψ2)v dΓ,

(h, v) =

∫
Γ
βθbv dΓ, (g1, v) =

∫
Γ
η1θ

4
bv dΓ, (g2, v) =

∫
Γ
η2θ

4
bv dΓ.

Îïðåäåëåíèå 1. Òðîéêà {θ, ψ1, ψ2} ∈ V × V × V íàçûâàåòñÿ ñëàáûì
ðåøåíèåì êðàåâîé çàäà÷è (8), (11), (14)�(17), åñëè

A1θ + bκa(|θ|3θ − φ) = h, (18)

B1{ψ1, ψ2}+ κ̃ψ1 = κ̃sφ+ κa|θ|3θ + g1,

B2{ψ1, ψ2}+ κ̃ψ2 = κ̃sφ+ κa|θ|3θ + g2,
(19)

ãäå φ = ω1ψ1 + ω2ψ2.

4 Ñóùåñòâîâàíèå ðåøåíèÿ

Â [9] óñòàíîâëåíî ñëåäóþùåå ñâîéñòâî ðåøåíèÿ êðàåâîé çàäà÷è (14)�
(17) ïðè çàäàííîì ïîëå òåìïåðàòóðû θ.

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (i), 0 ≤ θ ≤M ,M = ∥θb∥L∞(Γ).
Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå {ψ1, ψ2} çàäà÷è (19), ïðè÷åì
0 ≤ ψ1,2 ≤M4.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ñëàáîãî ðåøåíèÿ çàäà÷è (8), (11), (14)�
(17) ïðîâåäåì ìåòîäîì, ïðåäëîæåííûì â [10], à èìåííî, ïîñòðîèì èòå-
ðàöèîííûé ïðîöåññ, ïîðîæäàþùèé ìîíîòîííûå è îãðàíè÷åííûå ïîñëå-
äîâàòåëüíîñòè ïðèáëèæåíèé ìåòîäà ïðîñòîé èòåðàöèè, êîòîðûå, êàê ìû
äîêàæåì, äàþò â ïðåäåëå èñêîìîå ñëàáîå ðåøåíèå. Êðîìå òîãî, ìû ïî-
êàæåì, ÷òî äëÿ ïðåäåëà {θ∗, ψ1∗, ψ2∗} è ëþáîãî îãðàíè÷åííîãî ñëàáîãî

ðåøåíèÿ {θ̂, ψ̂1, ψ̂2} âûïîëíÿþòñÿ íåðàâåíñòâà θ∗ ≤ θ̂, ψ1∗ ≤ ψ̂1, ψ2∗ ≤ ψ̂2.
Ýòîò ôàêò áóäåò èñïîëüçîâàí â äîêàçàòåëüñòâå åäèíñòâåííîñòè îãðàíè-
÷åííîãî ðåøåíèÿ.
Îïðåäåëèì íåëèíåéíûé îïåðàòîð F : L∞(Ω) → L∞(Ω) ∩ V , êîòîðûé

ïî çàäàííîé ôóíêöèè φ äàåò ðåøåíèå θ = F (φ) çàäà÷è (18), à òàêæå
íåëèíåéíûå îïåðàòîðû G1,2 : L

∞(Ω) → L∞(Ω)∩ V , êîòîðûå ïî çàäàííîé
ôóíêöèè θ äàþò ðåøåíèÿ ψi = Gi(θ) çàäà÷è (19).
Ñïðàâåäëèâû ñëåäóþùèå ñâîéñòâà îïåðàòîðîâ F è G, êîòîðûå äîêà-

çûâàþòñÿ ïî àíàëîãèè ñ [10] ñ èñïîëüçîâàíèåì òåîðåìû 1.

Ëåììà 1. Åñëè θ1 ≤ θ2 è φ1 ≤ φ2 ï.â. â Ω, òî F (φ1) ≤ F (φ2) è Gi(θ1) ≤
Gi(θ2) ï.â. â Ω.
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Ëåììà 2. Ïóñòü {θ̂, ψ̂1, ψ̂2} � ëþáîå íåîòðèöàòåëüíîå, îãðàíè÷åííîå
ðåøåíèå çàäà÷è (18), (19). Òîãäà, åñëè {θk, ψ1k, ψ2k} � ïîñëåäîâàòåëü-
íîñòü ïðèáëèæåíèé ìåòîäà ïðîñòîé èòåðàöèè θ0 = 0, ψ1k = G1(θk),
ψ2k = G2(θk), θk+1 = F (φk), ãäå φk = ω1ψ1k + ω2ψ2k, òî 0 ≤ θk ≤ θk+1 ≤
θ̂, 0 ≤ ψ1k ≤ ψ1,k+1 ≤ ψ̂1, 0 ≤ ψ2k ≤ ψ2,k+1 ≤ ψ̂2, k = 1, 2, . . ..

Çàìå÷àíèå 1. Â ôîðìóëèðîâêå ëåììû 2 ìîæíî îïóñòèòü ñëîâà ¾íåîò-
ðèöàòåëüíîå ðåøåíèå¿. Äåéñòâèòåëüíî, íóëåâóþ íèæíþþ ãðàíèöó ìîæ-

íî çàìåíèòü íà C0 = ess inf θ̂ è ïîëîæèòü θ0 = C0. Äîêàçàòåëüñòâî
ïðàêòè÷åñêè íå èçìåíèòñÿ.

Çàìåòèì, ÷òî ïîñëåäîâàòåëüíîñòü ïðèáëèæåíèé ìåòîäà ïðîñòîé èòå-
ðàöèè îáëàäàåò ñâîéñòâîì îãðàíè÷åííîñòè: 0 ≤ θ ≤ M , 0 ≤ ψ1,2 ≤ M4,
ãäå M = ∥θb∥L∞(Γ). Òàêèì îáðàçîì, â ïðåäåëå ïîëó÷àåì ðåøåíèå, îáëà-
äàþùåå ýòèì æå ñâîéñòâîì. Èç ëåìì 1, 2 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (i). Òîãäà ñóùåñòâóåò ðåøå-
íèå {θ, ψ1, ψ2} çàäà÷è (18), (19), îáëàäàþùåå ñâîéñòâîì 0 ≤ θ ≤ M ,
0 ≤ ψ1,2 ≤M4, ãäå M = ∥θb∥L∞(Γ).

5 Åäèíñòâåííîñòü ðåøåíèÿ

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (i), (ii). Òîãäà ñóùåñòâóåò
åäèíñòâåííîå îãðàíè÷åííîå ðåøåíèå çàäà÷è (18)�(19).

Äîêàçàòåëüñòâî. Ïóñòü {θ∗, ψ1∗, ψ2∗}� ïðåäåë ïîñëåäîâàòåëüíîñòè ïðè-

áëèæåíèé ìåòîäà ïðîñòîé èòåðàöèè, è {θ̂, ψ̂1, ψ̂2} � ïðîèçâîëüíîå ðåøå-
íèå çàäà÷è (18)�(19) èç êëàññà [L∞(Ω)]3. Ðàññìîòðèì ðàçíîñòü ýòèõ äâóõ

ðåøåíèé θ = θ̂ − θ∗, ψ1 = ψ̂1 − ψ1∗, ψ2 = ψ̂2 − ψ2∗. Ïî ëåììå 2 èìååì
θ ≥ 0, ψ1,2 ≥ 0.
Ôóíêöèè θ, ψ1, ψ2 ïîä÷èíÿþòñÿ óðàâíåíèÿì

A1θ + bκa((|θ1|3θ1 − |θ2|3θ2)− φ) = 0, (20)

B1{ψ1, ψ2}+ κ̃ψ1 = κ̃sφ+ κa(|θ1|3θ1 − |θ2|3θ2), (21)

B2{ψ1, ψ2}+ κ̃ψ2 = κ̃sφ+ κa(|θ1|3θ1 − |θ2|3θ2), (22)

ãäå φ = ω1ψ1 + ω2ψ2.
Óìíîæèì (21) ñêàëÿðíî íà v = ω1, (22) íà v = ω2, (20) íà v = 1/b è

ñëîæèì ðåçóëüòàòû. Ïîëó÷èì

1

b

∫
Γ
βθ dΓ +

∫
Γ
(ω1β11 + ω2β21)ψ1 dΓ +

∫
Γ
(ω1β12 + ω2β22)ψ2 dΓ = 0,

îòñþäà θ|Γ = ψ1|Γ = ψ2|Γ = 0.
Óìíîæèâ óðàâíåíèå (21) íà bω1, óðàâíåíèå (22) íà bω2 è ñëîæèâ èõ

ñóììó ñ óðàâíåíèåì (20), ïðèõîäèì ê òîæäåñòâó

a(∇θ,∇v) + bω1α1(∇ψ1,∇v) + bω2α2(∇ψ2,∇v) = 0,
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êîòîðîå ñïðàâåäëèâî äëÿ ëþáîãî v ∈ V . Ïîëàãàÿ v = aθ + bα1ω1ψ1 +
bα2ω2ψ2, ïîëó÷àåì aθ+ bα1ω1ψ1+ bα2ω2ψ2 = 0 ï.â. â Ω, îòñþäà ñ ó÷åòîì
íåîòðèöàòåëüíîñòè θ, ψ1, ψ2 âûòåêàåò, ÷òî θ = ψ1 = ψ2 = 0 ï.â. â Ω. □

6 Ïðèìåðû

Ïðèâåäåì ðåçóëüòàòû âû÷èñëèòåëüíîãî ýêñïåðèìåíòà ïðè ôèçè÷åñêèõ
ïàðàìåòðàõ, ñîîòâåòñòâóþùèõ âîçäóõó: Ω � êâàäðàò ñî ñòîðîíîé L = 1,
k = 0.0515, κ = 10, κa = 1, Tmax = 773, n = 1, h = 10, ε = 0.5, ρd = 0.2,
ðàññåÿíèå â ñðåäå ñ÷èòàåì èçîòðîïíûì. Ãðàíè÷íàÿ òåìïåðàòóðà θb èìå-
åò âèä θb(x, 0) = 0.5, θb(x, L) = 1, θb(0, y) = θb(L, y) = 0.5 + y/(2L).
Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ìåæäó ïîëÿìè òåìïåðàòóðû â P1- è
SP3-ìîäåëÿõ ñîñòàâèëî 0.00057 äëÿ θ è 0.0017 äëÿ φ. Ïðè ýòîì íàèáîëü-
øåå îòêëîíåíèå ìåæäó ïîëÿìè äîñòèãàåòñÿ áëèæå ê íèæíåé ãðàíèöå
êâàäðàòà (ñì. ðèñ. 1, 2). Åñëè òåïåðü ïîëîæèòü ε = 0.75, ρd = 0.2, òî
àíàëîãè÷íûå õàðàêòåðèñòèêè ñîñòàâÿò, ñîîòâåòñòâåííî, 0.00051 è 0.0015.
Ïðè ρd = 0 õàðàêòåðèñòèêè îòêëîíåíèÿ ìåæäó ìîäåëèðóåìûìè ïîëÿìè
0.0006 è 0.0018.
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Ðèñ. 1. Îòíîñèòåëüíàÿ ðàçíèöà ìåæäó ïîëÿìè òåìïåðà-
òóðû â ìîäåëÿõ P1 è SP3.

Íàêîíåö, ïðèâåäåì ðåçóëüòàòû ìîäåëèðîâàíèÿ ïðîöåññà ñëîæíîãî òåï-
ëîîáìåíà ïðè ôèçè÷åñêèõ ïàðàìåòðàõ, ñîîòâåòñòâóþùèõ ñòåêëó. Ïîëî-
æèì L = 0.25, k = 1.2, κ = 100, κa = 100, Tmax = 773, n = 1.47, h = 10,
ε = 0.75, ρd = 0.2. Ãðàíè÷íàÿ òåìïåðàòóðà âû÷èñëÿåòñÿ ïî òîé æå ôîð-
ìóëå, ÷òî è âûøå. Îòêëîíåíèÿ ìåæäó ïîëÿìè θ è φ â P1- è SP3-ìîäåëÿõ
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Ðèñ. 2. Îòíîñèòåëüíàÿ ðàçíèöà ìåæäó ïîëÿìè èíòåíñèâ-
íîñòè èçëó÷åíèÿ â ìîäåëÿõ P1 è SP3.

ñîñòàâëÿþò, ñîîòâåòñòâåííî, 0.00026 è 0.00048. Åñëè òåïåðü ïîëîæèòü
ε = 0.75, ρd = 0, òî ýòè õàðàêòåðèñòèêè áóäóò ðàâíû 0.00026 è 0.00052.
Èç ïðîâåäåííûõ âû÷èñëåíèé ìîæíî ñäåëàòü âûâîä, ÷òî íàáëþäàåòñÿ

òåíäåíöèÿ óâåëè÷åíèÿ îòêëîíåíèÿ ìåæäó ìîäåëèðóåìûìè ïîëÿìè â P1-
è SP3 ìîäåëÿõ ïðè ïðåîáëàäàíèè çåðêàëüíîãî îòðàæåíèÿ.
Äëÿ âû÷èñëåíèé ïðèìåíÿëñÿ ïàêåò FreeFem++ [24], èñïîëüçîâàí óïðî-

ùåííûé ìåòîä Íüþòîíà êâàçèëèíåàðèçàöèè óðàâíåíèé ñëîæíîãî òåïëî-
îáìåíà [25] íàðÿäó ñ ïîëíûì ìåòîäîì Íüþòîíà, êîòîðûé ñîñòîèò â îä-

íîâðåìåííîé çàìåíå âî âñåõ óðàâíåíèÿõ θ4 íà θ̃4 + 4θ̃3(θ − θ̃), ãäå θ̃ �
ïðèáëèæåíèå ïîëÿ òåìïåðàòóðû ñ ïðåäûäóùåãî øàãà. Âñÿ ïîëó÷åííàÿ
ëèíåéíàÿ ñèñòåìà ðåøàåòñÿ åäèíûì áëîêîì â ïàêåòå FreeFem++.
Ñêîðîñòü ñõîäèìîñòè óïðîùåííîãî ìåòîäà Íüþòîíà â ðàññìîòðåííûõ

ïðèìåðàõ àíàëîãè÷íà ñõîäèìîñòè äëÿ P1-ìîäåëè, òî åñòü ÿâëÿåòñÿ ëè-
íåéíîé è, êðîìå ýòîãî, ñèëüíî ðàçëè÷àåòñÿ äëÿ âîçäóõà è äëÿ ñòåêëà.
Ïðîãðàììíàÿ ðåàëèçàöèÿ äîñòóïíà ïî ññûëêå

https://github.com/grenkin/test-newton.
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