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Abstract. The present study is devoted to the computational problem of the residual stresses inside human blood vessel wall
during atherosclerosis. The blood vessel (artery) wall is simulated by the thick-walled very long circular cylinder. The governing
and constitutive equations of mechanics of surface growth solids are reminded for thick-walled solid case. The boundary value
problem of the surface growth of an elastic thick-walled vessels is stated, solved and analyzed. The analytical solution is obtained
in terms of velocities of stress strain state parameters. The condition of thickness allows us to study finite displacements of cylinder
surfaces by means of infinitesimal deformations. The residual stresses caused by the influence of internal pressure are computed
according to various initial growth tension in the adding layer.

PRELIMINARY REMARKS

Atherosclerosis is a multifactorial disease manifested in the accumulation in the artery wall of protein-lipid compo-
nents, collagen, inflammatory cells. The last stages is characterized a sharp decrease in blood flow, due to a decrease
in the lumen of the artery. Atherosclerosis is the leading cause of cardiovascular diseases (myocardial infarction,
strokes, etc.) and as a consequence the leading worldwide cause of death [1]. Atherosclerosis is a chronic disease that
has been developing asymptomatically for decades. The first visible clinical signs can be seen only in the last stages
of atherosclerosis, when the greater part of the lumen of the vessel is occluded [2, 3].

The process of formation of atherosclerotic plaques occurs in following stages:

• The appearance of lipid spots at the first stage is due to the deposition of lipid-protein complexes of blood plasma
in a thin layer of the inner shell of the arteries [4]. Later on these spots can develop atherosclerotic plaques.
The accumulation of lipoproteins in the inner shell of the artery is promoted by an increased concentration of
cholesterol in the plasma, damaged endothelium, etc [5].

• Lipoprotein complexes are partially bound to the intercellular substance. Then there is oxidation, which causes
local inflammation. Inflammation causes the attachment of blood plasma leukocytes. Phagocytizing lipopro-
teins, macrophages are converted into xantom cells. This contributes to the thickening of the intima, the ac-
cumulation in it the components of blood plasma, collagen and inflammatory cells. A lipid-rich atheromatous
mass appears after xantom cells die [6].

• Initially, the plaque slowly grows almost without narrowing the lumen of the vessel. However, over time, its
growth accelerates and it significantly narrows the lumen of the vessel.

• In the late stages of atherosclerosis, small ruptures appear on the surface of the plaques causing adhesion of the
blood and fibrin elements, which narrow the lumen even more. It is the main mechanism of thrombi formations
[7]. Atherosclerosis affects vessels of different calibers, but mainly arteries of large and medium caliber 1−3cm
(they constitute 90 − 95% of the lesion).
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The main research methods used in medicine, allowing to assess the progress of the degree of artery lumen
narrowing due to atherosclerosis:

1. duplex ultrasound of blood vessels allows to detect the volume of blood and artery damage [8];

2. magnetic resonance angiography allows to estimate the sizes of atherosclerotic masses and the degree of nar-
rowing of the vessel lumen [9];

3. computed tomography allows to obtain layered ”slices” of the artery, to estimate the degree of occlusion with
atherosclerotic masses. It is often used together with angiography;

4. proper angiography makes it possible to determine the volume of the blood stream in the vessel after the ad-
ministration of the radiopaque substance [10].

The pathological growth of blood vessel wall can be described in some cases by surface growth mechanics tech-
nique. At present study we will focused on the processes of surface growth of thin-walled vessels. We use the ideas
of the mechanics of growing solids developed in [11, 12, 13, 14]. Some problems in frameworks of the thermoelasto-
plasticity are studied for the same symmetries conditions in [15, 16, 17, 18, 19, 20, 21, 22, 23]. The principal variables
of the boundary value problem for a growing body are the stress rate tensor, the strain rate tensor and the velocity
vector. On the surface of growth we set a specific boundary condition depending on the curvature tensor of the growth
surface and the tension and inflow rates of the incremented elements.

Some problems for an elastic thick-walled surface-growing cylinder are considered at present work. The condi-
tion of thickness allows us to study finite displacements of cylinder points under the condition of small deformations.
This, in particular, makes it possible to solve the problem with exact boundary conditions on a moving surface.

GOVERNING EQUATIONS OF SURFACE GROWTH THEORY

Throughout the paper we will use the conventional linear elastic model [11] generalized on growing body mechanics
effects. In this case the velocity of deformation can be neglected as compared with the known the growth surface
velocity. The boundary value problem can be formulated in terms of velocities in the following form the equilibrium
equation

∇ · S = 0, (1)

the constitutive equations

D =
1

2
[∇v + (∇v)T ], S = 2μD + λ(D)1, (2)

the boundary conditions

x ∈ S 1: n · S = ∂p0

∂t
, x ∈ S 2: v =

∂u0

∂t
,

x ∈ S ∗(t): n · S = − sn

G
(τs : L) n, sn = n · v,

v = vgr, t = τ∗(x),

(3)

the recovery formulae

σ(x, t) = σ(x, τ∗(x)) +

∫ t

τ∗(x)

S(x, τ) ds,

u(x, t) = u(x, τ∗(x)) +

∫ t

τ∗(x)

v(x, τ) ds.
(4)

where S is the stress rate tensor; ∇ is the three-dimensional Hamiltonian differential operator (the nabla symbol); p0,
u0 are given vectors of surface forces and strains; n is the unit normal vector to the solid surface; v is the velocity
vector; τs is the 2D tensor of the deposited elastic surface tension; L is the 2D tensor of growth surface curvature; D
is the stretch tensor; vdef is the unknown velocity of the boundary due to deformation of a solid; vgr is the prescribed
velocity of growth.

This boundary value problem (1)–(4) is mathematically identical to the boundary value problem of the theory of
elasticity for small deformations (Lame problem) and most adequate results have been obtained in the framework of
this version of the theory (see for example [24, 25, 26, 27, 28]).

380013-2



BOUNDARY VALUE PROBLEMS STATEMENT AND SOLUTION

Consider a very long hollow elastic circular cylinder with internal and external radii R1 and R2 respectively. The lateral
surface of the cylinder is subjected to a stationary loading pressure

σrr(R1) = p1, σrr(R2) = −p2. (5)

Suppose at time t = 0 on the inner surface of the cylinder the new material is adding with the velocity v = v(t)
and the circumferential tension of the adding layer τ(t) when the boundary conditions (3) for the present case can be
furnished by

S rr(R1(t)) = −v(t)τ(t)
R1(t)

, R1(t) = R1 − v(t)t, S rr(R2) = 0. (6)

The solution of the considered problem can be obtained in following form for stresses

σrr = A +
B
r2
+

t∫
0

(
X(s) +

Y(s)

r2

)
ds,

σϕϕ = A − B
r2
+

t∫
0

(
X(s) − Y(s)

r2

)
ds, σzz =

λa

(λa + μa)

(
A +

t∫
0

X(s)ds
)
.

(7)

and translational displacements after integrating on time

ur =
Ar

2(λa + μa)
− B

2μar
+

( t∫
0

X(s)r
2(λp + μp)

− Y(s)

2μpr

)
ds. (8)

The relations for an undefined functions A and B are derived by the solution of the boundary conditions system
(5) in forms

A = − p1R2
1 + p2R2

2

R2
2
− R2

1

, B =
R2

1R2
2(p1 + p2)

R2
2
− R2

1

. (9)

Unknown functions X(t) and Y(t) can be computed by the solution of the system (6) in following form

X(t) =
R1(t)v(t)τ(t)
R2

2
− R2

1
(t)
, Y(t) = −R1(t)v(t)τ(t)R2

2

R2
2
− R2

1
(t)
. (10)

CONCLUDING REMARKS

Numerical calculations were made for the following dimensionless parameters: values measured in pascals (σi j, λa,
μa, τ, p1, p2) are dimensioned by the the Young’s modulus of the material of the artery; ratio of Young’s moduli
atherosclerotic plaque material and artery is assumed equal to (2/3); therefore, for Lame parameters of the atheroscle-
rotic plaque material we have formulae λp = (2/3)λa, μp = (2/3)μa; values measured in meters (r, ur, R1, R2) are
dimensioned by the value of the outer radius of the artery R2. The numerical experiments were carried out for vari-
ous values of the growing layer size R1(t) and the growth layer tension level τ(t). The growth tension level τ has a
important influence on the formation of the final stress-strain state of the material for the case of constant velocity
v(t) = const and tension τ(t) = const. The stresses can be vanished on the inner surface R1(t) for a specific value of
growth layer tension τ.

The residual stresses caused by the influence of internal pressure can be computed in the absence of initial growth
tension in the adding layer by formulae (7). The residual stresses radial distribution caused by the high level of the
initial growth tension during the narrowed vessel lumen are calculated. Thus, it is possible to conclude, that on the
one hand, with correct initial parameters of the growing process, it is possible to optimise a minimum effect of the
blood pressure on vessel wall. To another hand, a certain growth regime leads to significant irreversible deformation
and crack of vessel wall.
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